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ABSTRACT	

In	this	paper,	we	consider	the	ascending	chain	of	G‐submodules	of	a	finite	dimensional	G‐module	and	show	that	it	terminates	
at	some	positive	integer	‘r’.	Corresponding	to	this	chain,	we	have	constructed	an	ascending	chain	of	fuzzy	G‐submodules,	which	
also	terminates	at	‘r’.	It	is	proved	that	infinitely	many	such	fuzzy	G‐modules	can	be	constructed.	

Index	Terms:	Noetherian	G‐module,	fuzzy	set,	fuzzy	G‐module,	fuzzy	Noetherian	G‐module	

INTRODUCTION	

As	continuation	of	the	works	of	Zadeh[2],	we	have	made	
a	 study	 of	 fuzzy	 G‐modules	 in	 [4].	 In	 [5],	 we	 discuss	
injectivity	 and	 quasi‐injectivity	 of	 fuzzy	 G‐modules.	We	
have	introduced	the	G‐module	Pr,	of	periodic	arithmetic	
functions	 mod	 r,	 and	 discussed	 quasi‐injectivity	 in	
relation	to	it.	

In	 [6],	 we	 have	 constructed	 a	 fuzzy	 G‐module	 of	 level	
cardinality	 (n	 +	 1)	 on	 the	 Galois	 field	 GF(pn).	We	 have	
proved	 that	 each	 such	 fuzzy	 G‐module	 admits	 fuzzy	 G‐
submodules	of	level	cardinality	r,	where	r	is	the	number	
of	divisors	of	n.	

In	this	paper,	we	discuss	fuzzy	G‐modules	of	Noetherian	
G‐modules.	

1.	PRELIMINARIES	

1.1.	Definition.	Let	M	be	a	vector	 space	over	K.	A	non‐
empty	 subset	 B	 of	 M	 is	 called	 a	 basis	 if	 B	 is	 linearly	
independent	and	spans	M.	If	B	is	finite	and	|B|	=	n,	then	
M	 is	 called	 a	 finite	 dimensional	 vector	 space	 and	 its	
dimension	is	‘n’	and	is	denoted	by	dim	M	=	n	or	[M:	K]	=	
n.	Otherwise	it	is	an	infinite	dimensional	vector	space.	

1.2.	 Example.	 Let	M	 =	 	 (n	 ≥1).	 Then	 M	 is	 a	 vector	
space	 over	 C.	 Then	 the	 set	 {ε =(1,0,0,…..,0),	 ε =(	
(0,1,0,0,….,0),	………,	 ε =	 (0,0,………..0,1)}	 is	 a	 basis	 of	M.	
Here	M	is	finite	dimensional	and	dim	M=	n.	

1.3.	Remark.	For	any	field	K	and	a	subfield	F	of	K,	M=K	is	
a	vector	space	over	F.	

1.4.	Definition	[1].	Let	G	be	a	finite	group,	M	be	a	vector	
space	over	K	(a	subfield	of	C)	and	GL(M)	be	the	group	of	
all	 linear	 isomorphisms	 	 from	 	M	onto	 itself.	 	A	 	 	 linear	
representation	 of	 G	 with	 	 representation	 space	M	 is	 a	
homomorphism	T	:	G		GL(M).	

1.5.	Example.	 Let	 G	 =	 ,	 the	 symmetric	 group	with	 n	
symbols.	Let	M	be	an	n‐dimensional	vector	space	over	K	
with	basis	{ ,	 ,……,	 }.	Then	M	=	 ㊉	 	㊉……..	㊉	

.						

If		 	ε	 ,	then	the	map	P( )	:	M	→	M	defined	by	P( )	( )	
=	 	 is	 an	 isomorphism	 from	 M	 in	 to	 M;	 and	 the	

function	 T:	 G	 	 GL(M)	 defined	 by	 T( )	 =	 P( )	 is	 a	
homomorphism	and	hence	a	linear	representation	of	G.	

1.6.	 Definition	 [1].	 Let	 G	 be	 a	 finite	 group.	 A	 vector	
space	M	over	a	field		K	is	called	a		G‐module		if		for	every			
g	 ε	G	 	 	 and	m	ε	M,	 	 there	exist	 	 a	 	product	 	 (	 called	 the	
action	 of	G	 on	M	 	 )	 	 m.g	 ε	 M	 	 satisfying	 the	 following	
axioms:	

(i)			m.1G	=m,	∀	m	ε	M	(1G		being	the	identity	element	in	
G)	

(ii)		m.(g.h)=	(m.g).h,	∀m	ε	M;	g,	h	ε	G;	and	

(iii)	(k1m1+k2m2).g	=	k1(m1.g)	+	k2(m2.g),		∀	k1,	k2	ε	K;	m1,	
m2		ε	M;	g	ε	G.	

A	 subspace	 N	 on	M	 is	 called	 a	G‐submodule	 of	M	 if	 N	
itself	a	G‐module.																	

1.7.	Example.	Consider	the	Galois	field	M	=	GF( ).	Then	
M	 is	 a	 vector	 space	 over	 K=	 GF(p)	 ≅	 ,	 the	 field	 of	
integers	modulo	p.	Let	G	=	 ∗,	the	multiplicative	group	of	
M.	Then	we	can	show	that	M	is	a	G‐module.	

Let	the	divisors	of	n	be	1=	 ,	 ,……….,	 =	n	such	that	
	 …….	 .	Let	G= ‐{0}.Then	we	can	show	that	M	

has	‘r’	G‐submodules		 		=	GF( )	for	i	=	1,	2,	3,……,	r.	

1.8.	 Definition[7].	 Let	 M	 be	 a	 G‐module.	 The	 G‐
submodules	of	M	are	said	to	satisfy	the	ascending	chain	
condition	 (A.C.C.)	 if	 any	 chain	 of	 G‐submodules	 of	 M	 ,		
M 	 M 		 M 		 …………..	 terminates.	 This	 means	 that	
there	 exist	 a	 positive	 integer	 ‘r’	 such	 that	M 	 =	M 	 =	
M 	=…………	

If	G‐submodules	of	M	satisfy	the	A.C.C.	then	we	shall	call	
M	a	Noetherian	G‐module.	

1.9.	Example.	The	set	Q(√2,√3)	is	the	 ield	obtained	by	
adjoining	the	real	numbers	√2,√3	to	Q.		

Then	M	=	Q(√2,√3)		is	a	vector	space	over	Q	and	the	set	{	
1,√2,√3,√6}		is	a	basis	for	Q(√2,√3)		over		Q.	Let	G	{1,	‐1}	
Then	M	is	a	G=module.		

Possible	ascending	chain	of	M	are	either	of	the	following	
or	their	subchains.	
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M1=	{0}			M2	=	Q(√2)		M3	=	Q(√6)				M4	=	Q(√2,√6)		=	
M	or	

M1=	{0}			M2	=	Q(√3)		M3	=	Q(√6)				M4	=	Q(√2,√6)	=	
M	

These	 two	 chains	 terminates	 at	 r	 =	 4	 and	 so	 any	 other	
chain	terminates	at	Mi	for	some	i	ε	{1,	2,	3,4}.	

1.10.	Theorem	 [3].	Every	 non	 zero	 vector	 space	 has	 a	
basis	▃	

1.11.	Proposition.	Every	finite	dimensional	G‐module	M	
is	Noetherian.	

Proof:	Let	M	be	an	n‐dimensional	G‐module.	Then	 from	
theorem	1.10	 it	has	a	basis	say	{ ,	 ,……,	 }.Let	M 	
M 		M 		…………..…..	be	any	chain	in	M.	Without	loss	of	
generality	we	can	assume	that	M =	span	{ ,	 ,……,	 	}	
for	 k	 =	 1,	 2,	 3,	 ……,	 n.Then	 all	 such	 chain	 terminates	
because	M	=	span	{ ,	 ,……,	 }	▃	

1.12.	Remark.	From	theorem	1.10,	we	have	any	vector	
space	 has	 a	 basis.	 	 So	 in	 the	 case	 of	 an	 infinite	
dimensional	 G‐module,	 we	 have	 a	 basis	 { ,	
,……,	 ,……}.	Also	a	chain	of	G‐submodules	M 	M 		

M 	 	 …………..…..	 in	 M	 need	 not	 terminate	 as	 in	 the	
preceding	 proposition.	 So	 infinite	 dimensional	 G‐
modules	are	not	Noetherian.	

2.	FUZZY	NOETHERIAN	G‐MODULE	

The	characteristic	function	of	a	crisp	set	(classical	set	or	
non‐fuzzy	 set)	 assigns	 a	 value	 of	 either	 1	 or	 0	 to	 each	
individual	 element	 in	 the	 universal	 set,	 thereby	
discriminating	 between	members	 and	 non‐members	 of	
the	crisp	sets	under	consideration.	This	 function	can	be	
generalised	in	such	a	way	that	the	values	assigned	to	the	
elements	of	the	universal	set	fall	within	a	specified	range	
and	indicate	the	membership	grade	of	these	elements	in	
the	 set	 in	 question.	 Larger	 values	 denote	 the	 higher	
degrees	of	the	set	membership.	Such	a	function	is	called	
a	membership	function,	and	the	set	defined	by	it	a	fuzzy	
set.	 The	 most	 commonly	 used	 range	 of	 values	 of	
membership	functions	is	the	unit	interval	[0,1].	

2.1.	 Definition	 [2].	 A	 fuzzy	 set	 µ	 on	 the	 set	 X	 is	 a	
function	µ:	X→[0,1].	

2.2.	Definition[4].	Let	G	be	a	finite	group	and	M	be	a	G‐
module	over	K,	which	is	a	subfield	of	complex	numbers.	
Then	a			fuzzy	G‐module	on	M	is	a	fuzzy	subset		 	μ	of	M	
such	that	

(i)	μ	(ax+by)	≥	μ	(x)	^	μ	(y),	a,	b	ε	K	and	x,	y	ε	M		

and	(ii)		μ	(gm)		≥		μ(m),			g	ε	G,	m	ε	M,	where	Λ	is	the	
minimum	[infimum]	operator.	

2.3.	Example.	Let	G	=	{1,‐1,	i,	‐i}.		Then	M	=	C,	the	field	of	
complex	numbers	is	a	G‐module	over	itself.		Define	μ	:	M	
[0,1]		by	

	μ	(x	+	iy)		=1,				if		x	=	y	=0	

	 =½,			if			x	≠0,	y	=0	

	 =¼,			if			y≠0	

Then	μ	is	a	fuzzy	G‐module	on	M.	

2.4.	Definition	[4].	Let	be	μ,	ν	be	fuzzy	G‐modules	on	M	
then	μ	 	ν	if	μ(x)	 	ν(x)	for	all	x	ε	M.	

2.5.	Example.	Let	G	=	{1,‐1,	i,	‐i}.		Then	M	=	C,	the	field	of	
complex	numbers	is	a	G‐module	over	itself.		Let	the	fuzzy	
G‐module	μ	as	in	example	2.3	and	define		ν	:	M	[0,1]		by	

		ν	(x	+	iy)			 =1,				if		x	=	y	=0	

	 =	3 4,			if			x	≠0,	y	=0	

	 =	1 2,			if			y≠0	

Then	μ	and	ν	are	fuzzy	G‐modules	on	M	and			μ(x)	 	ν(x)	
for	all	x	ε	M.	So	μ	 	ν.	

2.6.	Proposition	[4].	Any	n‐dimensional	G‐module	has	a	
fuzzy	G‐module	with	level	cardinality	n+1.	

Proof:	 Let	M	be	a	G‐module	of	dimension	n	over	K.	Let	
{ ,	 ,……,	 }be	a	basis	of		M	over		K.	

Define		ν		:		M			[0,1]			by	

ν	(c1α1+c2α2+..+crαn)	=	1,		if		ci=0	for	all	i	

	 =½,		if	c1≠0,	c2=c3=.....=cn=0	

	 =⅓,		if	c2≠0,	c3=c4=.....=cn=0	

	 =¼,		if	c3≠0,	c4=c5=.....=cn=0	

	 ..............................................	

	 ..............................................	

	 =1/n‐1,	if	cn‐2≠0,	cn‐1=cn=0																																							

	 =1/n,				if		cn‐1≠0,	cn=0	

	 =1/n+1,	if	cn≠0	

Then	ν	is	a	fuzzy	G‐module	on	M	of	level	cardinality	n+1	
▃	

2.7.	Theorem.	Let	M	be	an	n‐dimensional	G‐module	and	
let	the	chain	M 	M 		M 		…………..	of	G‐submodules	of	
M	terminates	at	‘r’.	Then	for	k	=1,	2,	3,………..,		there	exist	
fuzzy	G‐modules	μ 	on	M,	fuzzy	G‐submodules	 	ν 	=	 	μ 	
׀ 		on	M 		such	that	the	ascending	chain				μ 	μ 		μ 		
…….	also	terminates	at	r.	

Proof:	Let	M	be	a	G‐module	with	a	basis	{ ,	 ,……,	 }.	
Then	as	in	proposition	1.11,	for	k	=	1,	2,	3,	……		M =	span	
{{ ,	 ,……,	 }.	 Then	 as	 in	 the	 preceding	 proposition,	
the	function						ν 	:		M 			[0,1]			defined	by	

ν 	(c1α1+c2α2+..+crαk)	=	1,		if		ci=0	for	all	i	

	 =½,		if	c1≠0,	c2=c3=.....=ck=0	

	 =⅓,		if	c2≠0,	c3=c4=.....=ck=0	

	 =¼,		if	c3≠0,	c4=c5=.....=ck=0	
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	 ..............................................	

	 ..............................................	

	 =1/(k‐1),	if	ck‐2≠0,	ck‐1=ck=0																																																																														

	 =1/k,				if		ck‐1≠0,	ck=0	

	 =1/(k+1),	if	ck≠0	

is	a	 fuzzy	G‐module	on	M .	Let	m	=	1 1 .	Then	 for	

each	k,	the	function		μ 	;	M			[0,1]		defined	by	

	μ 	(x)		=	ν (x),				∀		x	ε	M 	

													=	m,									∀		x	ε	M	–	M 	

is	a	fuzzy	G‐module	on	M	and	ν 	=		μ ׀	 	.	Also	the	chain				

μ 	μ 		μ 		………..	terminates	at	μ 	▃	

2.8.	Corollary.	Let	M	be	an	n‐dimensional	G‐module	and	
let	the	chain	M 	M 		M 		…………..	of	G‐submodules	of	
M	 terminates	 at	 ‘r’.	 Then	 there	 exist	 infinitely	 many	
chains	of	fuzzy	G‐submodules	on	M	terminating	at	r.	

Proof:	From	theorem	2.7,	for	each	k,	there	exists	a	fuzzy	
G‐module	 	 ν 	 	 on	 	 M .	 Let	 t	 ε	 (0,1].	 Replace	 ‘1’in	 the	
numerator	of	the	definition	of	ν 		by	‘t’	and	the	minimum	
’m’	by	 ‘s’,	where	0	 	s	 	m	 	1.	Then	corresponding	to	
each	 pair	 (t,	 s),	 we	 get	 a	 chain	 	 	 	 μ ,			 	 of	 fuzzy	 G‐
submodules	on	M	such	that	this	chain	terminates	at	‘r’	▃	

3.	CONCLUSION	

	In	this	paper,	we	have	proved	that	any	ascending	chain	
of	 fuzzy	 G‐modules	 on	 a	 finite	 dimensional	 G‐module	
terminates	 at	 some	 finite	 stage;	 and	 that	 there	 are	
infinitely	 many	 such	 terminating	 chains	 of	 fuzzy	 G‐
modules.	
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