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I. INTRODUCTION

LetU = {Z eC:|7 <1}be the open unit disk and Abe the family of allanalyticfunctions f in U , with
the normalized condition f(O)Z f’(O)—].:O. The functions in Aare of the form

f(z):z+ianz“,VZ eU (1.1)
n=2

Let Sbe the subclass of ./’Zlconsisting ofunivalent functions of the form (1.1). The k™ root
transformation of f is defined by

1
F(2) = [f(z9)]k = z + X5 bryesr 2™, Ve EN (1.2)
Recently, Ali et al. [2] have introduced and studied the upper bounds of coefficient inequalities

corresponding to the k™ root transformation.
A function f €8S is said to be starlike if and only if,
Re{LD) >0, vzeu (13)
The class of all functions Pin U which are analytic with p(0)=1and %{D(Z)}>O is denoted by P

A function P& P will be of the form

p(z)=1+ ¢,2" (14)
n=1

The class of all analytic functions V\(Z)in U with W(O):Oand|vv(z)| <1lis denoted by Boand the
functions in this class are called as Schwarz functions. Let two functions f and g be analytic inU Jf
there exists a Schwarz function W(Z) in Bosuch that f(z):g( Z)), VZ €U then we can say that
f is subordinate to § and write it as f<g.
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Definition 1.1.Let ¢(Z)=COSZ be anunivalent analytic function, whichmaps from the unit disc onto a

circular domain. It is symmetric with respect to real axis from origin to the point 1.41 on the real axis.
It is a function with positive real part with ¢(0)=1and ¢'(0)=0.

Definition 1.2.If f is in the class S*(¢),then it satisfies the condition

(%%)) <C0Sz

where the branch of the square root is chosen to be ¢(O)=1.

(1.5)

Noonan and Thomas [6] studied the q““ Hankel determinant of a sequence &,,d,,1,,,.....0f real

or complex numbers as given below

I N - N

an+1 an+2 an+q
H,y(n)= S [ maew) (1.6)

a'n+q—1 a'n+q ree e an+2q—2
In particular, Hx(1), H2(2), H3(1) are second and third Hankel determinants, respectively.

Babalola [3],Murugusundaramoorthy[5] andVamsheekrishna[13]have studied H3(1)for different

subclasses of analytic functions.The q‘“ Hankel determinant associated with the K" root
transformation of the function f is given by

bk By -+ Bing-2)k+1

1o bt Bk o o Pnegkat
[Hq(n)}kz : : o : (@nkeN) a7

Prig-2kit Onigksl - - Onezg)ka

Forn=1&q=2,the above equation (1.8)reduces to the coefficient functional of Fekete-Szego
related to the K" root transformation which is given by

[HZ(]')]% = h?(l l?:kﬂl :b2k+l_ 2+1 (h< :1)

Forn=2&q=2,the above equation (1.8) reduces to the coefficient functional called assecond
Hankel determinantwhich is given by
b2k b2k+1

[HZ(Z):IE = b2k+1 bdk+1 :bzkb3k+1 M2k

For n=1&q=3, the equation (1.8) reduces to the third Hankel determinant associated with the k™"
root transformation of the function fgiven by

1 bK l:&<+1 b2k+1
[Hs(l)ﬁ =bs By Py
b2k+1 Qkﬂ b4k+1

[HS (1)]% = b2k+l [bK+1b3k+l - 2k+1 ]_ Qkﬂ [h( bjk+l - b2k+lh<+1 ] + b4k+l [h( b2k+l - 2+1]

By taking bk =1 and applying triangular inequality, we have
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|H3(1)E S|bZk+1”h<+1bsk+1 - 2k+1‘ + |05, B 101 — +|b4k+1”b2k+1 - 2+1‘ (1.9)

This determinant was studied by Sharma et al. [12] and Vamshee Krishna et al. [13,14,15].

Motivated by the works of Babalola [3],MohsanRaza [9],Sharma [12] andVamsheeKrishna
[13,14,15],initial coefficient bounds, second and third-order Hankel determinants for a class of analytic
univalent functions subordinated to cosz were studied by Yakaiah et al. [16], kth root transformations
for certain subclasses of analytic functions were studied by Haripriya et al. [17, 18, 19].Wenow
investigate the initial coefficient bounds, second and third-order Hankel determinants associated with

K™ root transformation for the members of S*(¢) whereg(z) =cosz.

Il. PRELIMINARIES

To prove themain results in this paper, we need the following lemmas concerning the members of
class P

Lemma 2.1.[7] If the function P € Pthen |Cn| <2 VneN.
Lemma 2.2.[4] If the function P € Pthen

o -LEodi-z)

oL oo halo-heda-hopl

For some X, Z WithX <land|z/ <1

Lemma 2.3. [8] If p(z):1+qz +(‘QZ2 +QZ3 Fonnnn, .=1+iCth wherez €U then for any
n=1

complex number U we have‘(‘,z —UCf‘ £2max{],|20—]1}

1—
Lemma 2.4. [8] If P(2)=1+CZ+C,22+CZ +........ .:1+icnz” wherezeU then
n=1

1+2? 1+z
The sharpness is obtained by thefunctions P(Z):ﬁ and P(Z)

‘J@ —Kcc, + LC3‘ SZQJ| +|K—2J| +|J -K+ LI) for any real numbers J, K, L.

l1l. MAIN RESULTS

1. Initial Coefficient inequality for fe S*(¢)
Theorem 3.1: If f ES*(¢)and F is thek™ root transformation of f of the form (1.2) then

|bk+l| = O!
1
|b2k+1| SE’

(3.1
(3.2)

1
S_l
|b3k+1| 6k (3.3)
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<_—
|b4k+1| - 8k ' (3.4)

The first two inequalities are sharp.
Proof:lf f ES*(¢), then by using Schwarz function and subordination principle, we have

%% Ho(2) 35

Consider a function with positive real part defined as

p(z)=iww(§% =14+CZ+C, 22 +CZ + o (3.6)
_p(z)-1
:>w(z)_HEF1 forsomep e P

By simple computations, we get

%%) —1+8,2+(28, —a2 Jr? +(3a, —3a,3, + a2 )1* +(da, —4a,8, — 202 —dala, —al lp* +..

3.7)

codw(z))=1 [ }z{% clzz}z ten (38)

From (3.5), (3.7) and (3.8),0ne can obtain

(3.7)

a, =0, 3.9)

a, :_%’ (3.10)
a, = 214 % (3.17)
a :%{%(Zcf —-9cc, +6%)—%2} (3.12)

By applying k™ root transformation of the function f , we have

F(z) = [f )]k = 2 + 5521 buys1z™

F(z)= z+[a2}z"“+{ k= 1)a2}22k+1+[k (kL3 (k 1)2k— 1)32} o

k k 2 k? 6k®
o (k-1p5 (k-Daa, , (k-1)2k-Lafa; (k-1(2Kk-1(K-1)7 |,
k 2% k? 2 24K*

By comparing the coefficients of F(z) given above with (1.2) and using the relations (3.9) to (3.12), We
have

b., =0, (3.13)
A2

By =—Cl, (3.14)

By = (G20, 3.15)

b4k+1 :@(—q(@ﬂ( _By:lg _96chz +96k%)_48(9(cz —Cf)) (3.16)
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Taking modulus on both sides egs. (3.13) — (3.16) followed by applying Lemmas (2.1) —(2.4), we obtain
the required inequalities.

If we choose p(z)=% in equation (3.6), then |:1(Z)=Z+4—]l'(22k+1+%24k+1+... is an

extremal function for the inequality for first two inequalities.
2. Second and Third Hankel determinantfor f ESE(¢)

Theorem 3.2:[f f ES*(¢),then the second Hankel determinant corresponding to the k"™ root

transformation of f is given by
1

‘h(+le+l k+1 F.(z

Proof: Follows from the fact that h(ﬂ =0, by, = %and |Cl| <2.

1 k+3
22k+1 Z4k+l =+... is an extremal function these

1

=K Vk e N.

Vk € N and ‘b2k+1 +1

Further, the function F(2)=z+—

4k 96k2
inequalities.
Theorem3.3:If f GS*(¢), then the third Hankel determinant corresponding to the k™ root
187% -9
transformation is given by |H <——_=VkeN.
given o (1) 1152

Proof:Let f ES*(¢) and F be the k™ root transformation of the function f .

Then from the definition of | H3(1) |% corresponding to k™ root transformation is given by
with b, =1andb,,; =0,we have

1
|H3(1)|k :‘b4k+1b2k+1_ 2k+1_ 3k+1‘

7372&3‘(‘1( 23 +9)c} - 288 e, +288G )-368 e (c, )

1
<oamogs Q(—23k +9)c? - 288K G, + 288K g|c, +368K(gIc|c —cf‘)

In view of Lemma 2.4, Lemma 2.3, and Lemma 2.1, we have
\(—23k+9)cf —288<qc2 +288k | <T60k—72 [c, | <2 [g] <2 e <2.

1196& 576 _187k—9
73728¢ 1152

Hence, [Hy @k < == (608(k —576+588%)=

73728(3

3.3. Coefficient functionalrelated with——

f()

z
f(z

The Kk root transformation for the function

1
ko |k
is given by G(Z)=|:~E—k):| =1+idnk2nk
f z n=1

NI N

k
* yA
Theorem 3.4. If f ESL(¢) and G(Z)Z{T(z_")} ythen for any complex number [, we have

1 K+2—4u
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kK Tk 1
Proof: Let G(Z) = |:?Ez—kﬂ = |:]__|_ an k+1zn k:|
1+ ildn kznk =1- l:‘<+1Zk + [h<2+1 _b2k+1]22k + [be+lb2k+l _b3k+1 - 3+1]z3k

2 2 4 Lak
+ [2h<+1b3k+1 091 =By =306 00 H0 25+
Comparing the coefficients of similar powers of Z and using the values of h<+1 and b2k+1 from (3.13)

- (3.16), we obtain

2
dk :_h<+1 =0 d2k = 2+1 _b2k+1 :%

2
=y~ =31

ol .1
16k| ™ 4k’

Taking modulus on both sides and using Lemma 2.3, we obtain ‘d2k —,udkz‘ =‘

IV. CONCLUSION

In this paper, we introduced and investigated a subclass of analytic functions associated with the
cosine function through the application of a root transformation operator. Various geometric
properties of this class were established by employing the theory of subordination and techniques
from geometric function theory. We derived coefficient estimates and examined the influence of the
root transformation on the analytic and geometric behavior of the functions under consideration.

The obtained results demonstrate that the root transformation preserves several important
characteristics of the underlying cosine-related function class while generating new families of analytic
functions with interesting geometric properties. The findings presented here generalize and extend
several existing results available in the literature for related subclasses of univalent functions.
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