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Abstract
A cost effective smart antenna can be implemented by a exciting the shaped dielectric lens by array
antenna, by introducing dielectric lens the directivity is enhanced due to collimation of the rays in the
specified direction, reduces interference and seals the array from environmental effects. However the
major drawback with the use of a dielectric lens is compensation of the refractive effects of the lens in
the receiving mode to obtain the angles of arrival to locate the desired signal. This paper dwells on the
array signal processing algorithms to estimate the Direction of Arrival (DOA), using the algorithms
MVDR and MUSIC. Analysis is continued for other conditions like resolution, different SNR values and
presence of multiple sources with MUSIC and MVDR methods for 2x2 array antennas. Ray tracing
method was introduced to analyze DOA in presence of dielectric lens. This lead to determination of
virtual DOA due to refraction of rays in dielectric lens the shape of dielectric chosen is spheroid and
2x2 element linear arrays are chosen for analysis in this paper.
Keywords: Adaptive Beam Forming, Direction of Arrival, Minimum Variance Distortion less Response,
Multiple Signal Classification.

Introduction
Adaptive array smart antenna involves the array
signal processing to manipulate the signals induced
on various antenna elements in such way that the
main beam is directed towards the desired user and
nulls are formed towards the interferers. This is
achieved by two in-built properties of the smart
antenna namely, adaptive beamforming and DOA.
The DOA algorithms namely Bartlett, MVDR, MUSIC
and Linear Prediction are described in Constantine A.
Balanis and Panayiotis I. Ioannides [2], Lal Chand
Godara [3], Jeffrey Foutz, Andreas Spanias and
Mahesh K. Banavar [4], Harry L. Van Trees [5],
Monson H. Hayes [6] and Frank Gross [8]. these
authors provides a comprehensive study of the use
of an antenna array to enhance the efficiency of
mobile communication systems and provides details
on the feasibility of antenna arrays for mobile
communication applications.
A smart antenna also has to meet the contrasting
requirement of compact form factor and high gain,
to achieve this shaped dielectric lens can be used
along with the array antenna elements. The use of
dielectric lens antennas to enhance the performance
of wireless broadband communication systems by

producing highly shaped beams is described by
Carlos A. Fernandez et al. [11]. The subject of lens
antenna design has been treated in the past by many
authors [17, 18] in considerable detail. They point out
the methods of design types of structure and general
problems involved in the use of lenses.
In this paper a shaped dielectric lens antenna is
excited by 2x2 array antenna by doing so high
directivity, protection to array, cost of the system is
greatly reduced. The major concern of this paper is
to predict desired signal received in any direction.
The complete analysis of this system to determine
the DOA is carried out in two major steps firstly,
Array antenna is analyzed to determine Direction Of
Arrival (DOA) using two estimation methods, MVDR
and MUSIC. Their pseudo spectrum equations are
analyzed and simulated in Matlab considering
resolution and varying SNR. Secondly, the array is
now exciting lens antenna, analysis of this problem is
carried out using ray tracing technique in which the
shape of lens is first designed then the DOA of the
signal is determined by fundamentals of ray theory.
The paper presents the following studies:
a. Comparison of various DOA algorithms using a
linear array.
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b. To simulate the DOA algorithms viz. MUSIC and
MVDR for array antenna with ellipsoidal lens
combination.
c. Compensate for the change in the DOA due to
the refractive effect of the lens using Ray Tracing
technique.
The remainder of the paper is organized as follows:
Section II describes the received data model of the
array, section III highlights the DOA algorithms used
viz. MUSIC and MVDR, section IV focuses on ray
tracing through the lens, and in section V
conclusions are drawn out from previous simulated
results of the corrected DOA based on the estimated
virtual DOA after refraction through the lens for the
case of a linear array is presented using the new
technique.
Received Data Model
A uniform planar array considered on the yz plane of
the coordinate system is shown in Fig. 1. The array is
centered on the origin. There are M elements along
any row in the y direction and N elements along any
column in the z direction. Let dy and dz be the inter
element spacing along y axis and z axis respectively.
In figure 1, K signals arrive from K uncorrelated
sources in K directions. Each received signal x k (t)
includes additive white Gaussian noise. Under this
model, the received signals can be expressed as a
superposition of signals from all the sources and
linearly added noise represented by [1, 3].

K



a (θk, Фk) sk(t) + n(t)

x (t) = A(Θ) s(t) + n(t)

(2)

Where A (Θ) is the (M*N) x K matrix of array steering
vectors. It is assumed that the arriving signals are
uncorrelated and the number of arriving signals K <
(M*N). The received signal covariance matrix of size
(M*N) x (M*N) is given by [1, 2],
Rxx = A (Θ) Rss AH (Θ) + σn2 I

(3)

Where σn2 is the noise variance and I is an identity
matrix of size (M*N) x (M*N), Rss is the source signal
covariance matrix.
Direction of Arrival Estimation Algorithms
The problem of localization of sources radiating
energy by observing their signal received at the array
antenna elements is of considerable importance
occurring in many fields including radar, sonar,
mobile communications, radio astronomy and
seismology. In this section an estimation of the
Direction Of Arrival (DOA) of narrowband sources of
the same central frequency located in the far field of
an array of antenna elements is considered and
various DOA estimation methods are described. Data
from an array of sensors are collected and the
objective is to locate point sources assumed to be
radiating energy that is detectable by the array
elements.
Although most of the algorithms have been
presented in the context of estimating a single angle
per emitter (e.g. elevation only), generalizations to
the elevation/azimuth case are relatively straight
forward. Additional parameters such as frequency,
polarization angle and range can also be
incorporated provided that the response of the array
is known as a function of these parameters.

Figure 1: Uniform planar array
x (t) =

Фk) with θk is the elevation angle in the range 00 ≤ θk
≤ 1800 and Фk is the azimuth angle, in the range -900
≤ Фk ≤ 900, a(θk, Фk) is the array steering vector for
the (θk, Фk) direction of arrival, and n(t) represents
additive white Gaussian noise. A single observation
x(t) from the array is often referred to as a snapshot.
Using a matrix notation (1) can also be written as
[1,3]

(1)

k 1

where sk(t) is the incoming plane wave from the kth
source at time t and arriving from the direction (θk,

Minimum
Method

Variance

Distortionless

Response

The MVDR method is similar to the delay-and-sum
technique described, in that it measures the power of
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the received signal in all possible directions. In this
method, the output power is minimized with the
constraint that the gain in the desired direction
remains unity. Solving this constraint optimization
problem for the weight vector we obtain [2]

1 >  2 > . . . >  K >  K 1 =
 K2 = . . . =  N = 2n . Furthermore, it is easily
shown that R xx can be written in the following form

R 1 a ()
W  H xx 1
a ()R xx a ()

R xx    n e n e Hn  EE H  E s  s E sH  E n  n E Hn

(7)

~
R xx  E s  s E sH   2n E n E Hn  E s  s E sH   2n I

(8)

[2, 4]
N

(4)

Which gives the MVDR spectrum [2-7]

PMVDR  W H R xx W 

values λn such that

1
a ()R xx1 a ()

(5)

H

Again, the estimate of the true direction of arrival is
the angle  that corresponds to the peak value in
this spectrum. The MVDR only requires an additional
matrix inversion compared to the delay-and-sum
method and exhibits greater resolution in most
cases.
Music Algorithm
The received signal vectors form the received signal
vector space whose vector dimension is equal to the
number of array elements N. The received signal
space can be separated into two parts: the signal
subspace and the noise subspace. The signal
subspace is the subspace spanned by the columns of
A () [2, 22] and the subspace orthogonal to the
signal subspace is known as the noise subspace. The
subspace algorithms exploit this orthogonality to
estimate the signals’ DOAs. MUSIC has been the
most widely examined. MUSIC stands for Multiple
SIgnal Classification. The MUSIC algorithm was
developed by Schmidt [22] by noting that the
desired signal array response is orthogonal to the
noise subspace. The signal and noise subspaces are
first identified using Eigen decomposition of the
received signal covariance matrix. Following, the
MUSIC spatial spectrum is computed from which the
DOAs are estimated. Inside the algorithm the general
array manifold is defined to be the set
1)
(6)

A  {a (  i ) :  i   }

The subspaces identified are typically achieved by
Eigen decomposition of the auto covariance matrix
of the received data R xx . Using the model and
assuming spatial whiteness, i.e., {n(t )n

H

(t )}  2I ,

the Eigen decomposition of R xx will give the Eigen

n 1

E = [ e1 , e 2 , . . . , eN ], ES = [ e1 , e 2 , . . . , eK ],
E N = [ e K1 , ek2 , . . . , eN ],  = diag { 1 ,  2 , . . . ,
 N },  S = diag { 1 ,  2 , . . . ,  K },  N = diag {

where

~
 K1 ,  K2 , . . . ,  N } and  S   S   2N I . The
Eigen vectors E = [ ES , E N ] can be assumed to form
H

H

an orthonormal basis (i.e., EE = E E = I). The span

ES defines the signal subspace and
the orthogonal complement spanned by E N defines

of the K vectors

the noise subspace. For a detailed analysis of the
Eigen structure properties of the signal auto
covariance matrices

R xx and R SS the reader is

referred to [22]. Once the subspaces are determined
the DOAs of the desired signals can be estimated by
calculating the MUSIC spatial spectrum over the
region of interest [2-7]

a H ()a ()
PMUSIC ()  H
a ()E n E Hn a ()

(9)

Note that the a () is the array response vectors
calculated for all angles θ within the range of
interest. Because the desired array response vectors
A(Θ) are orthogonal to the noise subspace, the peaks
in the MUSIC spatial spectrum represent the DOA
estimates for the desired signals.
Pseudo-Spectrum Plots for MVDR and Music
Minimum Variance Distortionless Response method
results
To estimate the true DOA, the MVDR method was
executed for 2x2 -array antenna. To realize the
resolving capability for varying SNR of MVDR
algorithm, two sources are placed at
and
in presence of AWG noise. The Pseudo
spectrum given in Eqn.6 is considered for varying

451

Shushrutha K. S et al. International Journal of Science, Engineering and Technology, 2016, Volume 4 Issue 2
ISSN (Online): 2348-4098 , ISSN (Print): 2395-4752

SNR 5dB, 10dB, 15dB and 20dB in elevation angle is
shown in Fig.4
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Figure 2: MVDR spectrum for closely placed sources
for varying SNR
In Fig.2: Pseudo spectrum of MVDR algorithm is
simulated for sources placed along elevation plane at
and
for varying SNR. It can be noticed at
DOA angles are not resolved, at
two sources are resolved. Thus MVDR algorithm can
resolve two sources placed
apart at
in
presence of random noise.
The Pseudo spectrum of MVDR algorithm is
simulated for two sources placed at angles
and
with SNR 20dB for
array antenna.
To realize the resolving capability of MVDR algorithm
the Pseudo spectrum expression given in Eqn.6 is
considered. The resolution capability of the
algorithm in elevation angle two sources separated
by
and
is shown in Fig.3.
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To estimate the true DOA, the MUSIC method was
executed for linear 2x2 array antenna. To realize the
resolving capability for varying SNR of MVDR
algorithm, two sources are placed at
and
in presence of AWG noise. The Pseudo
spectrum given in Eqn.9 is considered for varying
SNR 5dB, 10dB, 15dB and 20dB in elevation angle is
shown in Fig.4
In Fig.4 Pseudo spectrum of MUSIC algorithm is
simulated for sources placed along elevation plane at
and
for varying SNR. It can be noticed at
and
DOA angles are not resolved, at
two
sources can be identified and for
separation the
two sources are completely resolved. Thus MUSIC
algorithm can resolve two sources placed
apart
at
in presence of random noise.
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In Fig.3. The pseudo spectrum of MVDR algorithm is
simulated for two closely separated sources. It can be
noticed at
and
separation DOA angles are not
resolved, at
separation two sources are almost
resolved and for
separation the two sources are
completely resolved as the peaks are predominant.
Thus MVDR algorithm can resolve two sources
placed
apart in presence of random noise.
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Figure 4: MUSIC spectrum for closely placed sources
for varying SNR
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MUSIC algorithm, two sources are placed at
and
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The Pseudo spectrum given in Eqn.9 is considered

Figure 3: MVDR spectrum for closely placed sources
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for varying SNR
,
elevation angle is shown in Fig.5
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(11)

Where

Figure 5: MUSIC spectrum for closely placed sources
for varying SNR
In Fig.5: Pseudo spectrum of MUSIC algorithm is
simulated for sources placed along elevation plane at
and for varying SNR. It can be noticed at
DOA angles are not resolved, at

sources can be identified and for
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(10)

Where the central ray has been used as a path length
reference and n=√ εr is the refractive index of the
lens, which is greater than unity for real dielectrics.
By taking the differential of y1 with respect to x1 in
(10) the slope of the lens at (x1, y1) is obtained as [4],

40
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-50

The most important condition to be imposed in the
derivation of the lens profiles is the path length
constraint. Mathematically the path length condition
is given by [4],

two

separation the

two sources are completely resolved. Thus MUSIC
algorithm can resolve two sources placed
apart
at
in presence of random noise.
Ray Tracing through a Dielectric Lens
Figure 6 shows the cross section of a rotationally
symmetric dielectric lens with its general contours S1
and S2 represented by (x1, y1) and (x2, y2) respectively
[4]. The lens has dielectric constant εr. The distance
between the origin and the first surface of the lens is
f, called the focal length of the lens. Let T be the
central thickness of the lens and D be the diameter
of the lens aperture.

L 1  ( x 12  y 12 ) 1 / 2 , L 2  [( x 2  x 1 ) 2  ( y 2  y 1 ) 2 ]1 / 2

(12)

Similarly, the slope of the contour at (x2, y2) is [4],
dy
dx

2
2



(13)

L 2  n (x 2  x1)
n (y 2  y1)

In this paper we first examine a ellipsoidal lens lens
with a flat surface on S2 as show in figure 7. This lens
transforms a spherical wavefront into a plane wave,
or conversely focuses a beam from infinity onto focal
point of the lens. The conditions imposed to derive
S1 are x2 = f + T, the slope on S2 being infinity, and
the equal path length constraint. It can be readily
shown that S1 is a hyperbolic surface defined by [4],
y2

 x
 
 

 ( n  1 )( F  T ) 

n


2


 x 


1/ 2

2

(14)

Ray Tracing Procedure
Backward Ray Tracing for Ellipsoidal Lens
Step.1 Consider an incident ray with slope m, whose
equation is given by y1  mx1c1 .
Step.2 Find the intersection point of incident ray at
surface1 and apply Snell’s law to obtain slope
refracted ray.
Step.3 Obtain the intersection point of refracted ray
with the surface2.
Step.4 Applying Snell’s law, obtain the slope of final
ray coming out of the lens and plot it till the point
under consideration.

Figure 6: Geometry for dielectric lens design
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DOA for the Ellipsoid lens with 1.5cm separation
distance between array and lens
Due to phenomenon called blind scan effect the
performance of array degrades as elements start
becoming blind. The relationship between Virtual
DOA and Actual DOA is shown in Figure 10 with
1.5cm separation distance between lens and array
and an operating frequency of 2.4 GHz.
Figure 7: Ellipsoidal dielectric lens
Ray Tracing Simulation Outputs

Figure 8: Ray tracing for 2X2 array antenna in
presence of double ellipsoidal lens showing internal
reflection
Internal reflection was observed in the ray tracing for
6-elements linear array antenna in presence of
double ellipsoidal lens as shown in figure 8. Multiple
internal refractions can also be plotted.

Figure 10: Relation between virtual DOA and actual
DOA for the Ellipsoid lens with 0.5cm separation
distance between array and lens
Due to phenomenon called blind scan effect the
performance of array degrades as elements start
becoming blind. The relationship between Virtual
DOA and Actual DOA is shown in Figure 11 with
0.5cm separation distance between lens and array
and an operating frequency of 2.4 GHz.

Relation between VDOA and ADOA

Figure 9: Relation between virtual DOA and actual

Figure 11: Comparison study of scan range for
different separation distances between array and lens
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The above figure shows the relation between Virtual
DOA and Actual DOA for 1.5 cm and 0.5 cm
separation distance between lens and array. It is
found that for 0.5cm separation distance scan range
is much higher than that of 1.5cm separation
distance. Thus it can be concluded that reducing the
separation distance between array and lens increases
the scan range accordingly.
Conclusion
The objective of the paper is to simulate the different
DOA algorithms viz. MVDR and MUSIC performance
based on varying SNR and angular resolution
without the presence of dielectric lens. Due to better
performance, MUSIC and MVDR were used for 2X2
array with ellipsoidal dielectric lens combination, and
compensate for the change in the DOA due to the
refractive effect of the lens using ray tracing
technique.
Recognizing that the smartness of an array antenna
depends on the underlying spatial signal processing
algorithms viz. DOA and ABF, a study of the DOA
algorithms has been done initially without lens. The
simulation results show that the performance of
MVDR and MUSIC improves with increasing SNR of
signals compared to DELAY-AND-SUM and Linear
Prediction methods. MVDR and MUSIC showed lower
rms error with increasing SNR, as compared to
DELAY-AND-SUM and Linear Prediction methods.
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