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Abstract- Topological games are an interesting model and method for studying covering properties, compactness
behaviors, and selection rules across general topology. For these expressions of classical properties in infinite two-
player games, then you achieve strategic refinements of compactness, Lindel6fness and selective covering ideas
like the Menger and Rothberger properties. These strategic refinements often encode structural information that
is not evident at the normal existence statement level. Our research-style survey takes the form of topological
games based on open covers, dense sets and compact subsets: we highlight these applications to covering and
compactness properties. It gives the game mechanics of G_1 (0,0) and G_"fin" (0,0) of these games (to be related
to classical selection rules) and the strategy versions thereof, with a focus on how the covering properties become
stronger. Particularly studies of \(\sigma\)-compactness phenomena, point-open and compact-open games, and
applications to C_p (X)and C_k (X). The article presents set-theoretic considerations including cardinal invariants
and forcing-related preservation questions. We propose a unified view, in which topological games are seen as
uniformization for classical covering theory.

Keywords— Topological spaces, Open covers, Subcovers, Basis and subbasis, Compactness, Lindel6f property,
Paracompactness, Countable compactness, Metacompactness

while the form of corresponding game-theoretic
strengthening frequently has a particular form

I. INTRODUCTION

The theory of topological games is one of the
foundational ideas of modern general topology,
giving a dynamic, strategic approach for properties
that are normally formulated in a static format.

IF Vx @(x, F(x))

The second formulation calls for a single rule \(F\)

Compactness, Lindel6fness, paracompactness, the
Menger property, and the Rothberger property are
common classical notions that can be formulated by
imposing the necessity for some subfamilies or
selections of cover entries to exist. The topological
games enhance the discussion with some question
as to whether such selections are, in fact, possible
given a winning strategy on a sequence of choices.
Mathematically, the realisation of this transformation
from existence to strategic control is important. A
classical covering property usually has as its logical
form

Vx 3y @(x,y),

which acts the same for all possible inputs. Such
extra uniformity in topological contexts frequently
represents very strong structural features of the
underlying space. Most of the time, a space with a
covering property does not have to satisfy the game-
theoretic strengthening and a gap between them
results in a more refined classification. Two of the
crucial games in this framework are the Rothberger
game G_1 (0,0) and the Menger game G_"fin" (O,0).
These games represent the classical selection
principles S_1 (O,0)and S_"fin" (O,0). The analysis of
these games led us to find that the strategic
Rothberger and Menger properties were
significantly stronger than the respective selection
laws and that these strategies in metrizable spaces
tend to behave as compactness-like conditions such
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as g-compactness. One of the main ideas of this
article is that topological games give the covering
theory a uniform state. A topological property that
simply states there are successful selections
becomes, per game form, a property about coherent
winning procedures. Such a strategic reading
associates’ general topology with infinite
combinatorics, set theory, and function space theory.
The aims of this paper are to provide a detailed,
good-quality survey style version of a full-fledged
treatment of topological games, with respect to
covering and compactness characteristics such as
formal descriptions, core formulas, strategic
ramifications, structural statements and interactions
of topological games into function spaces. The
exposition is intended to be used for the
establishment of a research paper, seminar, or review
manuscript.

Il. PRELIMINARIES

Let X be a topological space. Throughout the paper,
w denotes the set of nonnegative integers. We write
[A] < w for the family of all finite subsets of a set
A.

1. Open Covers And Covering Families
Let (0) denote the family of all open covers of (X):
0 = {U:U is an open cover of X}.

Thus every (U € 0) satisfies
X = U cU.

Several classical covering properties may be stated
in terms of (0).
The space (X) is compact if

vueoavcu

finite such that X = U cV.

The space X is Lindelof if
vUeo3avcu
countable such that X =\bigcupcV'.
The space \(X\) is \(\sigma\)-compact if

X=UKn

n<w
where each Ky, is\compact-

Compactness and Lindelofness are among the most
fundamental covering properties in general
topology. Between them lie selective covering
properties that can be described by sequences of
open covers.

2. Selection Principles

Let A and B be families of covers of X. The selection
principle  S;(A,B) means that for every
sequence(U,,)n<e Of members of A, one can select
a single element from each (U,,) so that the chosen
family belongs to B. Formally,

S.(A,B)
means
v(un)n<u) c "q
v, €U,
such that
{U,:n < w} €B.

The selection principle Sg,(A,B) means that for
every sequence (U,)n<, from A, one can choose a
finite subfamily from each (U,,) so that the union of
these finite choices belongs to B. Formally,

Sfin (‘A' B)
means
v, cU,
finite such that
U cV, € B.
n<w

The most important special cases for this paper are
the following.
The Rothberger property is

5,(0,0),

equivalently,
V(un)n<u) co

v, €U,

such that
X= U U,.
n<w

The Menger property is

Sfin(O, 0):
equivalently,

V(un)n<u) c 0
v, cu,
finite such that
X =U_{n < w}U{cV_n}.
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The Hurewicz property may be written as:

for every sequence (U, ) <, Of open covers with no

finite subcover, there exist finite V,, € U,, such that
Vx € X,

|{n<m:x$ UcVn}| < w.

These properties satisfy, in many standard contexts,
the implication chain
o-compact
=

Hurewicz
=

Menger
=
Lindelof,
and also
Rothberger
=
Menger.

3. Special Cover Classes
Beyond ordinary open covers, one often studies the
classes Q and T.

An open cover U of X is an w-cover if
Xeu
and
VF € [X]<® 3U € U such that F c U.

The family of all w —covers is denoted by
Q={U€0:X¢U\and VF € [X]<® U
€ U such thatF < U}.

An open cover (U) is a (y)-cover if (U) is infinite and
vx€eX, [{UeUx¢U} <w.

The family of all (y)-covers is denoted by
I ={U € 0:Uiifntadvx € X, |{U € U:x ¢ U}
<}

Selection principles such as

5,0, 5 (Q, ), Siin(©2, Q)
play an important role in the finer structure of
covering theory and in the study of function
spaces.

I1l. INFINITE TOPOLOGICAL GAMES

1. General Framework
A topological game is usually played by two players,
called ONE and TWO, over infinitely many innings

indexed by (n < w). At each inning ONE chooses an
object, usually an open cover or a point, and TWO
responds with an admissible selection. At the end of
the play, a winning condition determines the winner.
A strategy for TWO in such a game is a rule assigning
a legal move to each finite history of play. If (M)
denotes the set of moves available to ONE and (R)
the set of legal responses for TWO, then a strategy
may be written abstractly as a function

o: LJ]V[“L+1 - R.

n<w

A winning strategy is one that guarantees victory
regardless of how the opponent plays.

2. The Rothberger Game

The Rothberger game is denoted by
G1(0,0).

At inning \(n\), ONE chooses an open cover
U, €o,

and TWO chooses
U, e,

The play therefore has the form
'UO, Uo,ul, Ul' uZ, U2,

X=UUn.

n<w

TWO wins if

The corresponding selection principle is (S;(0, 0)),
so one always has

TWO has a winning strategy in G,(0, 0)
=
5:(0,0).

However, the converse generally fails.
3. The Menger Game
The Menger game is denoted by

Grin (0, 0).

At inning (n), ONE chooses an open cover
U, €o,
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and TWO selects a finite family

v, cU,.
The play is
Ug, Vo, Uy, Vs,
TWO wins if
X = U U cl,.
n<w

Again the corresponding selection principle is
S:in(0,0),
and therefore

TWO has a winning strategy in G,(0,0)
=

Sfin (0! 0)

4. Strategic Interpretation

The difference between selection principles and
game-theoretic properties can be expressed very
clearly.

The Rothberger property asserts:

v(un)n<u) H(Un)n<m
such that(U, € U,))and (X = Up<y, Un).

The strategic Rothberger property asserts the
existence of a single function
o(Uy, ..., U,) EU,

such that for every play of ONE,

X = U o(U,, ...

n<w

yUn).

Likewise, Menger's property asserts:
v(un)n<co H(Vn)n«u

with (V, € [U,]<*®) and

r=UUe

n<w

lts game-theoretic asserts the

existence of a function

strengthening

o(Uy, ..., U,) € [U,]<®

such that for every sequence of covers played by

ONE,
X = U Uo(uo, ).

n<w

This is the essential reason topological games often
encode stronger information than their associated
selection principles.

IV. COVERING PROPERTIES AND THEIR
GAME-THEORETIC REFINEMENTS

1. Rothberger Property And Strategic Rothberger
Behavior
The implication
TWO wins G,(0,0)
=
$5.(0,0)
is immediate from the definitions. If TWO possesses
a winning strategy, then certainly for each individual
sequence of covers there exists a successful
sequence of responses.

The converse,
5,(0,0)
-
TWO wins G,(0,0),
is generally false. The failure of this converse
illustrates the gap between nonuniform existence
and strategic uniformity.

This distinction is conceptually important. A
Rothberger space may admit successful selections
from each sequence of open covers, but these
selections may depend in an irreducibly nonuniform
way on the entire sequence. The existence of a
winning strategy requires the space to support a
coherent decision process that reacts successfully to
every partial play. Such coherence is a strong
topological property.

2. Menger
Behavior
A similar but even more striking gap appears in the
Menger setting. One has
TWO wins G, (0, 0)
=
Sin(0,0),
but the converse fails in general.

Property and Strategic Menger

In many important classes of spaces, however,
winning the Menger game is closely related to
(o) —compactness. Indeed, if
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X=UKn

n<w .
where each K,, is compact,

then TWO has a simple winning strategy in G5, (0, 0).
Given an open cover (U, ),eycompactness of (K;,)
yields a finite subfamily

v, cU,
such that
K, € U cl,.
Hence
X = U K,
n<w
c
UUe
n<w
so, TWO wins.
Thus
o-compact
)

TWO wins G5, (0, 0).

In metrizable spaces and certain related classes, the
converse often holds:
TWO wins G5, (0,0)
)
o-compact.

This is one of the most significant structural
consequences in the theory. It shows that strategic
Menger behavior often recovers a decomposition
property stronger than Menger's classical property
itself.

3. Hierarchies of Properties
The preceding discussion suggests the hierarchy
compact
=
o-compact
=
TWO wins G5, (0, 0)
=
Sﬁn(o, 0)
=
Lindelof.
Likewise,
TWO wins G,(0,0)
=
5,(0,0)

=
Siin(0,0).

These implication chains rarely collapse completely
in arbitrary spaces. One of the central problems in
the field is to determine classes of spaces in which
some of the reverse implications hold.

V. COMPACTNESS-TYPE PROPERTIES
THROUGH GAMES

1. Compactness as One-step Finite Selection
Compactness may be viewed as a one-step finite
selection property:

YU €03V e [U]®

such that X = U cl.

Menger's property extends this to countably many

successive covers:
V(u/n)n<m c 0
AV, € [U,]=®

JUs

According to this framework, Menger's property is
an infinitary relaxation of compactness. As Menger's
property is strengthened as a matter of game theory,
it also partially recovers the lost finitary structure,
particularly ~where winning strategies imply
(6) —compactness.

2. Countable Compactness and Accumulation
Behavior

Countable compactness is not purely a covering
property, but it has strong interactions with
topological games. Recall that (X) is countably
compact if every countably infinite subset of (X) has

an accumulation point. Equivalently,
VAC X
(JA] = Xy = A has an accumulation point in X).

Games based on points and neighborhoods may
capture features related to countable compactness,
cluster points, and local accumulation. Although
these games are more delicate than open-cover
games, they enrich the study of compactness-type
behavior by linking selection from local bases with
convergence phenomena.
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3. Refinement Properties

Unlike subcovers, para compactness and meta
compactness concern refinements of open covers. If
every open cover has a point-finite open refinement,
we say that a space is meta compact. If every open
cover has a locally finite open refinement, then it is
paracompact. Game-theoretic versions of these
considerations account for whether Player TWO can
assign to every open cover chosen by ONE a
controlled refinement satisfying point-finite or
locally finite constraints. These games show us
whether the refinement properties allow strategic
versions to be played similar to those of the Menger
and Rothberger settings. They also relate to the
geometry of generalized metric spaces and
development-like structures.6. Point-open, open-
open, and dual games

Point-open Game
In the point-open game, one player chooses points
Xg, X1, X, ... € X,
and the other responds with open sets
U, 3 x,.

A common winning condition is that one player aims

to make
X = U U,.

n<w
The point-open game often acts as a dual to a

covering game. Such duality is useful because
strategic conclusions about one game can often be
translated into the other.

Open-open Game
The open-open game admits several variants, but a
common form involves alternating nonempty open
sets:

Uy 2V 20,2V, 2
with a winning condition based on either nonempty
intersection,

ﬂ U, #\varnothing,

n<w
or density of the union of one player’s choices,

UVn=X.

<w

S

These games are related to Baire category, density,
and forcing-like behavior. Though not the main

focus of the present article, they are important
because they illustrate how open-set games
complement open-cover games.

Specialized Selection Principles and Stronger
Games
w — covers andy — covers
The classes () and (T) refine ordinary open-cover
theory by controlling finite subsets and eventual
inclusion.
An w —cover satisfies
VF e [X]<®*3U eUsctaF c U,

while a y-cover satisfies

Vx € X,

{U eU:x ¢ U} < w.

The principle

5.(Q,D
is a strong diagonalization property and has deep
ties to function space theory. Likewise,

$,(Q,Q) and Sq,(Q, Q)

refine Rothberger and Menger type behavior.

Strategic Versions
The corresponding games

Gl('o" F):

G1(Q,Q),

Gfin(Q:Q)
provide further levels in the strategic hierarchy.
These games are often more sensitive than the
ordinary open-cover games and lead to stronger
combinatorial  conclusions.  Their importance
becomes particularly clear in the study of spaces of
continuous functions.

Applications to Function Spaces
The space (C, (X))
Let C(X)denote the set of real-valued continuous
functions on (X). The space (C,(X)) is C(X)
endowed with the topology of pointwise
convergence. A basic neighborhood of f € C(X) has
the form
[f;F,el={geCX):|gx)—fx)]| < eforall x € F},
where

Fe[X]<® and €> 0.
The appearance of finite subsets (F) explains why
\omega-cover properties on \X are deeply
connected with local properties of C,(X).In
particular, selection principles involving () and (')
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often correspond to countable fan tightness,
selective separability, and related local properties of
Cp(X). Topological games sharpen these
relationships. A winning strategy in a cover game on
(X) often translates into a strategic local property in
(C,(X)), making function spaces a natural arena for
the application of game-theoretic covering theory.

The space (C, (X))
The space Ci(X) is (C(X)) with the compact-open
topology. Its subbasic neighborhoods are of the
form

[K; U] ={f € C(X): f[K] € U},
where (K <€ X) is compact and (U € R) is open.
Since compact subsets show up explicitly in the local
properties of C,(X),compact-open games on X
naturally relate to local base properties of Ci(X).
Because of this, strategic compactness-type
properties on X provide insights into convergence
and covering behavior in the corresponding function
space.

Set-theoretic aspects

Cardinal Invariants

Many covering properties on subspaces of the real
line are closely connected with cardinal invariants of
the continuum. In appropriate settings one
encounters identities such as

non(Menger) = b
and
non(Hurewicz) = b,
where () is the dominating number and (b) is the
bounding number.

These invariants illuminate why Menger, Hurewicz,
and Rothberger properties exhibit different behavior
under products, forcing, and definability conditions.
Strategic variants of these properties generally
impose greater combinatorial constraints and thus
interrelate with cardinal invariants more subtly.

Forcing and reservation
Forcing can affect covering properties, particularly in
Lindel6f and compact spaces. One may ask whether
a property \(P\) is preserved in forcing extensions:
V E X has property P
=
V[G] & X has property P.

Game-theoretic descriptions are valuable in this
context; they tend to describe robustness. If a
covering property is witnessed by a winning strategy
rather than merely by separate, independent
choices, then the property may be more resistant to
forcing extensions or perturbations to the structure.
Indestructibility ~and  associated preservation
phenomena thus become the subject of study.

A Unified Interpretation

The theory developed above suggests a unified
conceptual framework. Classical covering properties
are existential in nature: for every challenge, there
exists a successful response. Topological games
replace this by a strategic requirement: there exists a
uniform rule that successfully handles every
challenge.

This may be summarized logically as follows:

vx 3y o(x,y)
versus

AF Vx cp(x, F(x)).

That such a rule exists (F) is far stronger than there
being separate witnesses (y) for each (x). In the
topological  setting, this distinction  often
corresponds to a move from soft covering behavior
to rigid structural control. The strategic Menger
property can approach (o) —compactness; strategic
Rothberger behavior can encode strong selective
uniformity; compact-open strategies can reflect
compact generation; and specialized () — and (T)-
games can reveal delicate local properties of
function spaces. This perspective also explains the
importance of examples and counterexamples. The
hierarchy of classical and strategic properties is not
merely formal but genuinely topological. Spaces can
satisfy a selection principle while failing the
corresponding strategic property, and these failures
identify precisely where topological uniformity
breaks down.

VI. CONCLUSION

Topological games constitute one of the best
methods  for  investigating covering and
compactness properties in current topology. By
communicating classical concepts in infinite
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strategic play, they articulate differences that
standard definitions cannot register. The games

(G,(0,0)) and (G;,(0,0)) serve as the clearest 4.

examples: they fortify the Rothberger and Menger
properties in a way that often results in
compactness-like  structure.  These  strategic
phenomena are particularly pronounced in metric
and function space situations, and provide profound
perspective regarding the relationship between
open covers, compact subsets, and local
convergence properties. The mathematical content
of topological games can be summarized by the
hierarchy

compact
=
o-compact
=
TWO wins Gy, (0, 0)
=
Sﬁn(o, 0)
=
Lindelof,
together with
TWO wins G,(0,0)
)
5,(0,0)
=
Sﬁn (0, 0)

These implications encode a rich strategic
refinement of classical covering theory. Their study
has generated fruitful connections with set theory,
infinite combinatorics, and function spaces, and it
remains an active and promising area for further
research.
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