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I. INTRODUCTION  
 

There are numerous uses for queuing theory in a 

variety of industries, including computer networks, 

manufacturing, transportation, and inventory 

control. This theory explores the aggregation and 

dispersion phenomena and how they function in 

service systems. It is a subfield of mathematical 

operations research. The overall objective of its 

research is to identify statistical trends in important 

metrics like wait time, queue length, and busy period 

through mathematical modeling and performance 

analysis of service systems. 

 

Queueing theory aims to obtain certain quantitative 

indicators to improve organizational expenses or 

other associated indicators by thorough statistical 

analyses of the inter-arrival intervals and service 

times of the queueing system. The queueing 

paradigm, which regards inter-arrival times as 

random variables and assumes deterministic service 

times, was first introduced by Erlang's 

groundbreaking work [1]. Initially, this model used a 

Poisson distribution for the customer inter-arrival  

 

time distribution. Pollaczek [22] then expanded the 

assumptions to include arbitrary probability 

distributions for service times. 

 

As this subject developed, Pollaczek [23] 

investigated a multi-serve queueing model by taking 

into account an arbitrary probability distribution for 

service times and a shared Poisson distribution for 

interarrival periods. Lindley [4], Kendall [3], Pollaczek 

[24], and others continued the investigation of 

queueing models, which aids in comprehending the 

queueing phenomenon in service systems. The 

significance of queueing theory in resolving intricate 

operational problems and maximizing resource 

allocation across numerous areas is underscored by 

this multifaceted approach. 

 

The assumptions previously made based on the 

conventional queueing theory framework are 

challenged by the introduction of various 

unanticipated events and emergencies in real life. 

The actual inter-arrival times are a sequence that is 

difficult to satisfy the frequency stability in the sense 

of probability theory, let alone the same distribution 

hypothesis in the sense of probability theory. In this 
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instance, creating a distribution function for inter-

arrival times based just on observational data 

frequently results in variations from the actual 

frequency of the inter-arrival times. According to 

queuing theory, inter-arrival times and service times 

are independent, identically distributed random 

variables that follow probability distributions. 

 

It is important to note that researchers' empirical 

investigations highlight the randomness of actual 

observations. Examples come from a variety of 

domains, such as factor analysis of grain production 

(Liu [13]), population structure research (Liu [12]; 

Yang and Liu [14]), financial market analysis 

[12,14,17], and circuit system modeling [15]. In 

response to this difficulty, Liu [6] invented 

uncertainty theory, which was further upon by Liu [8] 

and gave rise to an area of mathematics that focuses 

on modeling degrees of conviction. Uncertainty 

theory has evolved over time into a broad topic of 

mathematics with numerous applications. 

 

Liu [7] identified uncertain processes as an important 

theoretical subfield of uncertainty theory. To 

accurately depict the temporal evolution of 

uncertain phenomena, it is conceptualized as a set of 

uncertain variables indexed in time. The uncertain 

renewal process, a crucial mathematical idea of the 

uncertain process in which events happen constantly 

and independently throughout uncertain inter-

arrival times, was also established at the same time. 

Following these foundational works, researchers 

both domestically and abroad have thoroughly 

investigated and broadened the uncertain renewal 

process from a variety of perspectives. 

 

Liu [9], for example, studied the uncertain renewal 

reward process, a specific form that represents the 

cumulative rewards of a system with uncertain inter-

arrival durations and uncertain awards. In order to 

simulate the uncertain repairable systems, Yao and Li 

[28] devised an uncertain alternating renewal 

method. Furthermore, Zhang et al. [32] investigated 

the uncertain delayed renewal process in order to 

characterize systems in which the initial inter-arrival 

time is substantially different from subsequent inter-

arrival times. These theoretical underpinnings have 

allowed researchers to apply the uncertain renewal 

process to a variety of domains. Liu [10] took the lead 

in modeling insurance businesses' assets and 

investigating the ruin index of the uncertain 

insurance model in the field of insurance risk 

process. 

 

Many facets of uncertain insurance models were 

further investigated in later research by Yao and 

Zhou [31], Yao and Qin [29], Liu and Yang [19, 20], 

and Liu [14]. The production risk process, which was 

first suggested by Lio and Liu [5] to address the 

difficulties in the production process, is another use. 

Block replacement strategies, which were suggested 

by Ke and Yao [2] as preventative replacement 

strategies in uncertain situations, are the subject of 

the third application. This strategy focuses on 

replacing parts in the case of a failure or at a 

predefined time interval. In order to ascertain the 

ideal replacement time for particular units, Yao and 

Ralescu [30] invented age replacement strategies, 

which constitute the fourth application. 

 

Lastly, Yao [27] presented the fifth application, which 

was centered on the queueing system and 

represented systems that offer services in 

unpredictable circumstances. The uncertainty 

distribution of waiting time and idle time inside the 

uncertain queueing models was further investigated 

in later work by Liu and Liu [15]. 

 

However, real queueing systems are much more 

complex, and Yao's study [27] concentrated on the 

most basic types of queueing systems, such as a 

single-service system where clients arrive in order. 

Consider locations where customers prefer to arrive 

in groups, including restaurant windows and 

logistical turnaround hubs.This work aims to provide 

an uncertain queueing model characterized by 

group arrivals and determine the uncertainty 

distribution of the busy period in order to address 

the complexity of the queueing system. Furthermore, 

it is noteworthy that all of the results in this work 

appear to be less consistent with the uncertain 

single-service queueing model, demonstrating their 

applicability to a range of situations and supporting 

Yao's conclusions [27]. 
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II. PRELIMINARIES 
 

To help the reader better understand the 

forthcoming mathematical derivations, some of the 

fundamental ideas and theorems of uncertainty 

theory will be covered. 

 

Definition 1: A set function defined on a universal set 

Γ with a σ-algebra X is called an uncertain measure 

μ. Three fundamental axioms are as follows: [6] 

 

Axiom-1: (Axiom of Normality) The universal set's 

measure, Γ, is equal to 1. 

 

Axiom-2: (Duality Axiom) The sum of the measure of 

any event E∈X and its complement Ec is 1, i.e. 

 

  { } 1cE E  
 

 

Axiom-3: (Sub additivity Axiom) For any countable 

sequence of events ,..., the measure of their union is 

less than or equal to the sum of their individual 

measures, i.e.  

  

 
11

i i
ii

E E 
 



 
 

 


 
 

The measure of product uncertainty μ on the 

product σ-The following product axiom is satisfied 

by algebra X. 

 

Axiom-4: (Product Axiom) If we have uncertainty 

spaces   for i=1, 2,…, then the product uncertain 

measure μ satisfies 

 

 
11

i i i
ii

E E 
 



 
 

 
 

 
 

where   are arbitrarily chosen events from   for i=1, 

2,…,respectively. 

 

The arithmetic of product uncertain measures is a 

minimum operation, whereas the arithmetic of 

product probability measures is a multiplication 

operation. Probability measures satisfy the additivity 

axiom, whereas uncertain measures satisfy the sub-

additivity axiom. 

 

Theorem-1:Monotonicity Theorem: The uncertain 

measure μ is a set function that increases 

monotonically.Put otherwise, 

 

   i jE E 
 

    

for any events 
i

E  and jE with i jE E  

Liu (2007) established the notion of an uncertain 

variable in order to describe the values that contain 

uncertainty, denoted as 𝛼, which is a measurable 

function from an uncertainty space (Γ,X,𝜇) to the set 

of real numbers and satisfies that the set 

 

   : ( )B B      
    

 

is considered an event for any Borel set B of real 

numbers. Then the uncertainty distribution f(x) of α 

was defined by [6] as 

 

 ( )f x x  
 

 

for any real number x. 

 

Definition – 2: Liu (2009) If an uncertainty distribution 

f(x) is a continuous, strictly rising function with 

respect to x at which 0 < f(x) <1, and approaches 0 

as x tends to -∞ and 1 as x tends to ∞, it is said to be 

regular. 

 

The following is a definition of a regular uncertainty 

distribution, which is a significant class of uncertainty 

distributions.  

 

Definition –3: According to (Liu2010), Uncertain 

variables   are considerd independent if 

 

   
11

n n

i i
ii

B B   


 
   

 
  

  

For  any real numbers 1 2, ,..... nB B B  Borel sets. 
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Some particular uncertain variables have been 

presented by scholars in order to model the 

quantities frequently used in practice. For example, 

Liu (2010) proposed the linear uncertain variable 

𝛼~X (a, b) with a linear uncertainty distribution. 

 

0,

( ) ,

1,

if x a
x a

f x if a x b
b a

if x b


 

  
 



 

   

Theorem-2: Operational Law of Uncertain Variables: 

Assume that 1 2, ..... n   the independent uncertain 

variables have normal uncertainty distributions 

1 2, ,.... nf f f  If   1 2, ,...xng x x is continuous, strictly 

increasing with respect to 1 2, ,... mx x x  and strictly 

decreasing with respect to 1 2, ,.....m m mx x x  then the 

uncertainty distribution of   1 2, ,... ng     is 

 

 
1 2

1 1 1( , ,...., )

( ) sup min ( ) min (1 ( ))
n

i i i i
i m m ng x x x x

f x f x f x
    

    

 

Theorem-3: Extreme Value Theorem: Let Xt be an 

independent increment process with a continuous  

uncertainty distribution ft(x) at each time t. Then the 

supremum 

  

0

sup s
s t

X
 

 

 

has a distribution of uncertainty 

 

0
( ) inf ( ).s

s t
h x f x

 
  

 

III. UNCERTAIN QUEUEING MODEL 

WITH GROUP ARRIVALS 
 

An uncertain queueing model with group arrivals is 

first presented in this section. Examine a single server 

queueing system that is unpredictable and where 

clients arrive in large groups. 

  

1 2, ,.........a a  

and with interarrival times 

   

1 2, ,........   

 

In particular, let the initial time of arrival be T0=0 and 

the initial total number of customers be A0=0. This 

means that the first group of customers arrives at 

time T1=α1 and the total number of customers in the 

queueing system is A1=a1, and the second group of 

customers arrives at time T2=α1+α2 and the total 

number of customers in the queueing system is, and 

soon.  

 

Thus we have 

Tn=𝛼1+𝛼2+···+𝛼n 

 

and 

 

An=a1+a2+···+an 

 

For n≥1. Service times are the amounts of time 

consumers spend at the counter receiving services, 

denoted by 1 2, ...  Suppose that 1 2, ,..a a are iid 

discrete uncertain variables with positive integer 

values, which are called uncertain group sizes, 

1 2, ,...   are iid positive uncertain inter arrival times 

1 2, ...  and  are iid positive uncertain service times. 

Then such a  queueing system is called an uncertain 

queueing model with group arrivals. 

 

IV. BUSY NESS AXIOM 
 

The uncertain measure that there are always some 

consumers in the queueing system is known as the 

busy ness index, and it is one of the indicators used 

to assess the effectiveness of a queueing system. 

 

Keep in mind that the system is always busy if and 

only if the (n+1)th group of customers consistently 

arrives before the nth group of customers departs, 

for any positive integer n.Specifically, we have  

 

1 1

1
1 1 2 1

0
n nA An n

i j i j
i j i j

    
 

   

 
     
 

   
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For 1,2,......n    we write 

 
1

2 1

nAn

n i j
i j

 


 

    * *.h h
b a   

 

Consequently 1,2,......n  , the busyness index may 

be represented by  

 

Busyness   
1

max 0 .n
n




    

 

In order to derive the activity index expression, we 

first present a helpful lemma. 

  

Lemma – 1: Let na   be a decreasing sequence and 

nb  be an increasing sequence. If 

  

lim lim ,n n
n n

a b
 

  

 

then 

 

1
1 1

min maxn n n n
n n

a b a b
 

      [4.1] 

 

where  0a  is a number satisfying  0 1 1.a a b   

 

Proof: If 1 1,a b  then we have 

1 1 1n n na a b b b      

 

for any  1n . Therefore, we can get 

 

1
1 1

min minn n n
n n

a b b b
 

  
 

and 

 

1 0 1 1
1 1

max ( ) maxn n n n
n n

a b a b a b 
 

      

1
1

max n
n

b a


   

1.b  

If 1 1a b , then we define a positive integer as 

follows, 

 

 *

1 1
inf | min ,h h n n
h n

h h a b a b
 

     

and the argument breaks down into two cases. 

Case – 1: When * * ,h h
b a we have 

 

* * * * *1 1
.

h h h h h
a a b a b

 
   

 

It follows from * *1h h
a a


  that 

 * * 1
.

h h
a b


  

 

Then we have 

 

* * 1.n nh h
b b a a   

 
  

for any  
*n h and 

 

* *1 1n nh h
a a b b 

    

 

for any  
* 1n h  . Therefore, we can get 

  

   * *1 1 1
1 1

max max maxn n n n n n
n n h n h

a b a b a b  
   

      

  

   * * 1
1

max maxn n
n h n h

b a 
  

   

 

* *.h h
b a   

 

Case – 2: When * * ,h h
a b  we have 

 

* * * * *1 1
.

h h h h h
b a b a b

 
     

 

It follows from * *1h h
b b


  that 

 

* * 1
.

h h
b a


  

 

Then we have 

* * 11n nh h
b b a a 
    

 

for any 
*n h  and 

 

* *1n nh h
a a b b     

 

for any  
* 1n h  . Therefore, we can get 
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   * *1 1 1
1 1

max max maxn n n n n n
n n h n h

a b a b a b  
   

      

  

   * * 1
1

max maxn n
n h n h

b a 
  

   

  

* *.h h
b a   

 

Hence, the lemma is proved. 

 

Theorem – 4: Examine an unsure group in an 

uncertain queueing system,size 1 2, ,..a a  iid positive 

uncertain interarrival time 1 2, ,...   are iid positive 

uncertain service times  1 2, ...  . Assume   

 1 2 1 2, ,( , )a a   and  1 2,   are independent 

uncertain vectors, Interarrival times and service times 

have regular uncertainty distributions ℱ and G, 

respectively, but those group sizes have a shared 

uncertainty distribution ℋ.Then 

 

1 0

minmaxs .up 1 ^
1

^ 1
r s r x

B n
s x

us
s

y e
x

Gs
r r

s
  

   



 
 



   
      

    
 


H F  

[4.2] 

 

Proof: we know that  

Busyness   
1

max 0n
n




    

 

where 
1

2 1

nAn

n i j
i j

 


 

    , 

 

First, we determine the uncertainty distributions of  ( 

n 1,2......)n . Using Theorem 1, independent 

and operational lows of uncertain variables, and 

Lemma 1, for every non-negative positive integer r 

and any given  y ∈ ℝ , we obtain 

 

 
1

2 1

rAr

r i j
i j

y y   


 

 
     

 
   

 

1

2 1

,
r s

r i j
i js r

A s y  
 

 

   
     

   
   

   

1

2 1

,
r s

r i j
i js r

A s y  
 

 

   
     

   
   

  

1

1 2 1

1,
r r s

i i j
i i js r

a s y  
 

  

   
      

   
    

  

1

1 2 1

max 1,
r r s

i i j
s r

i i j

a s y  



  

 
     

 
    

  

1

1 2 1

max 1
r r s

i i j
s r

i i j

a s y   



  

  
        

  
    

 

0

0

sup 1

i

x

nf

1

1

ma

min 1

s x

x

r

s r

s x x y
G

r r s

s x x y
G

r r s










 
   

 

 
  

        
         

       

        
        

  


    


 

H F

H F

 

 

0
mininf 1 1
s r x

s x x y
G

r r s 

 
 

       
      




     
 

 
H F  

 

However, by applying Theorem 1, operational lows 

of unknown variables, and independence, we may 

obtain 

 

   1r ry y        

 

1

2 1

1
rAr

i j
i j

y  


 

 
    

 
   

 

1

2 1

1 ,
r s

r i j
i js r

A s y  
 

 

   
      

   
   

 
1

2 1

1 ,
r s

r i j
i js r

A s y  
 

 

   
      

   
   
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1

1 2 1

1 ,
r r s

i i j
i i js r

a s y  
 

  

   
      

   
    

   

1

1 2 1

1 max ,
r r s

i i j
s r

i i j

a s y  



  

 
     

 
    

   

1

1 2 1

1 max
r r s

i i j
s r

i i j

a s y   



  

  
        

  
    

  

0

1 supx 11 ma
s r x

s x x y
G

r r s

        
           

  


    
 H F  

   

0
imin 1 nf 1
xs r

s x x y
G

r r s

        
          

 

 
  

      
H F  

  

0
mininf 1 1
s r x

s x x y
G

r r s 

 
 

       
      




     
 

 
H F  

  

the distribution of uncertainty for    is 

 

0
( ) mininf 1 1r

s r x

s x x
y

y
G

r r s 

 


       
     

 
    
      

H F  

   .  

Theorem 3 indicates that has an uncertainty 

distribution since r  it is an independent increment 

process that has an uncertainty distribution since it 

is an independent increment process. 

 

1
( ) min ( )r

r
y y


    

 

Then we have 

 

Busyness  
11

max 0 min (0)r r
rr




      

Remark-1: The uncertain queueing model with 

group arrivals becomes the uncertain single service 

queueing model that Yao examined when the 

uncertain group sizes a1,a2 …..always constant 1,the 

uncertain queueing model with group arrivals 

becomes uncertain single  service queueing model 

investigated by Yao. In this case, we have H  

 

0, 1
( )

1, 1

if x
x

if x





H  

 

Hence we can conclude that the activity index's 

analytical expression is 

 

  Busyness

1 0
minmininf 1 1

r s r x

s x x y
G

r r s  

 


       
    





    
      

H F    

  

1 0
1minmininf

r s r x

x x
G

r s  

    
     

   



F  

  

1 0
1mininf

r x

x x
G

r r 

    
     

   



F  

 

    
0

1inf
x

x G x


  F  

 

    
0

1sup
x

x G x


  F  

 

The result of Yao's uncertain single-service queueing 

model simplifies this. 

 

V. BUSY PERIOD 
 

When there are constantly some clients in the 

queueing system, it is referred to as a busy period. 

For any time when things are busy, since 1 2, ,..a a  are 

iid uncertain group sizes, 1 2, ,...   .are iid uncertain 

inter arrival times 1 2, ...   are iid uncertain service 

times, Without losing generality, we can presume 

that the first group of clients arrives at the beginning 

of the busy period. In this step, we can also reset the 

busy period's beginning time to 0. Let's take a 

moment before the next busy period and after the 

present one. Then 1tB  groups (including the first 

group) of customers arriving before the time t and 

the total number of customers is  
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1

1

,
tN

t i
i

A a




  

 

wherer   there is an unpredictable inter-arrival time 

1 2, ,...   . renewal procedure. The total service time 

for those customers is less than t because the busy 

period finishes before t. 

 

Consequently, the busy period is the lowest value of 

1

tA

j
j

t


  such that 

  

That is, the busy period might be represented by 

1

inf 0:
tA

j
j

t t 


 
   

 
  

 

Theorem-5 Take into consideration an uncertain 

queueing system with iid unknown group sizes 

1 2, ,..a a   iid positive uncertain interarrival times 

1 2, ,...   are iid Positive unpredictable service 

periods 1 2, ...   . Assume  1 2 1 2, ,( , )a a     and  

 1 2,  are separate uncertain vectors that share a 

common uncertainty distribution (ℋ), while 

interarrival times and service times have regular 

uncertainty distributions (ℱ and G, respectively). The 

distribution of τ's uncertainty is thus 

 

1
m 1 ^ .( ) max axsup ^

r s r x t

Q t
s x x

G
r s s  

      
      

     



H F  

(5.1) 

 

Proof: For any given time t, the busy period if and 

only if, for some positive integer r, the rth group of 

customers depart before the arrival of the (r+1)st 

group of customers and before the time t. That is,  

 

 
1

1 2 11

,
r rA Ar

j i j
j i jr

t t   
 

  

 
    

 
    

  

1

1 2 11

, ,
s r s

r j i j
j i jr s r

A s t  
  

   

 
    

 
    (5.2) 

 

1

1 2 11

, ,
s r s

r j i j
j i jr s r

A s t  
  

   

 
    

 
    

 
1

1 1 2 11

, ,
r s r s

i j i j
i j i jr s r

a s t  
  

    

 
    

 
     

   

  . 

Next, given positive integers r and s (s ≥ r), A number 

is defined as 

  

^ 1 ^ .suprs
x t

s x x
G

r r s




      
      

      
 H F  (5.3) 

and prove that 

   

1
maxmaxt rs

r s r
Q 

 
  (5.4) 

 

The usual uncertainty distribution ℋ of group sizes 

is irregular because the uncertain group size always 

takes positive integer values. The inverse function of 

ℋ is therefore defined by 

 

 1 x( ) : ( )ma
x

x x 


H H  

for anyone   It is easy to infer that 

 

  1 1( ( ))x x x        H H H H  (5.5) 

 

for anyone 0x  and 

 

  1   H H  (5.6) 

 

for anyone (0,1).  For convenience, we have 

 
1 1 1 1

0 1
(0) lim ( ), (1) lim ( )g g g g

 
 

 

   

 
   

 

for every distribution of uncertainty g. 

The argument then divides into three scenarios.  

 

Case – 1: Suppose 

0, 1,2,....., , 1,......rs r s r r      

Given any two positive numbers, r and  s r , (5.3) 

leads to the conclusion that 
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0
s

r

 
 

 
H  (5.7) 

 

or 

 

.s ^up 1 0
x t

x x
G

r s

    
     

    
F  (5.8) 

 

When eq. (5.8) holds, if 
1(0)sG t   , then we have 

 

0.
t

G
s

 
 

 
 

 

Since the  0sup 1 ^
x t

x x
G

r s

    
     

    
F , we can 

infer that 

 

1 0
x

r

 
  

 
F  

at the range of 
1 1(0) ( (0)sG x t sG    is the 

largest point that makes ( / ) 0G t s   holds). That is, 

 

1
x

r

 
 

 
F  

 

Considering the continuity and montonicity of F, at 

the range of 
1(0)sG x t   , we have 

 
1(0)

1
sG

r

 
 

 
F  

Hence we have 

 
1

1(0)
(1).

sG

r


F  

That is, 

 
1 1(1) (0)r sG F  

   

and after that, we get 
1 11 (1) (0(0) , )s r GG t s   F  (5.9) 

 

If not, we have 

 
1(0) .sG t   (5.10) 

 

Consequently, one of the options (5.7)–(5.10) is true. 

Using (5.7)–(5.10), we obtain 

    

1

1 1 2 1

, ,
r s r s

i j i j
i j i j

a s t   


   

 
   

 
     

  

   
1

1

1 1 2

10 (1)( )
r s r

i j i
i j i

s
a G

r
  






 

       
           

       
F  

 

   1

1

1
1

1 2

(1)(0)
r s r

i j i
i j i

s
a G

r
    




 





      
           

       
F  

 

   
1

1

1 1 2

1( )0) 0(1
r s r

i j i
i j i

s
a G

r
    








 

 
       

 
   F  

 

That is, 

 

1

1 1 2 1

, , 0
r s r s

i j i j
i j i j

a s t   


   

 
    

 
     (5.11) 

 

when 0.rs   Therefore, it follows from (5.2), (5.11) 

and sub additivity axiom [6] that 

 

 
1

1 1 2 11

1

1, 1 1 2 1

( )

, ,

, ,

0

r s r s

i j i j
i j i jr s r

r s r s

i j i j
r s r i j i j

Q t t

a s t

a s t

 

   

   

  

    



     

 

   
     

   

 
    

 



   

    

 

 

After then (5.4) holds. 

 

Case - 2: Assume that some integers exist  
* * *1r and s r   such that * * 1

r s
   

  

It follows from (5.3) that we have 
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*

* * *
sup 1 ^ 1.
x t

s x x
G

r s s

      
        

     
H F  

   

Thus 

 
* * 1

* * *

(0)
1, 1, 1.

s t r
G G

r s s

    
      

    

F
H  

That is, 
*

* 1

*
1, (1) ,

s
s G t

r
 

  
 

H  

    
* 1 * 1(1) (0).s G r  F  (5.12) 

 

By using (5.12) and sub additivity axiom [6], we can 

get 

  

 ( )Q t t    

  

1

1 1 2 11

, ,
r s r s

i j i j
i j i jr s r

a s t   
  

    

   
     

   
     

  
* * * *1

*

1 1 2 1

, ,
r s r s

i j i j
i j i j

a s t   


   

  
    

  
     

 

   
* * ** 1

1

*
1 1

1

2

(1) 0( )
r s r

i j i
i j i

s
a G

r
  






 

        
                 

        
F

 

 

   
* * ** 1

1

*
1 1 2

1 )(1) (0
r s r

i j i
i j i

s
a G

r
    




  


           

           
           

F
 

 

   
* * ** 1

1

*
1 1 2

1(1) 1(0)
r s r

i j i
i j i

s
a G

r
    







 

 
       

 
   F  

 

after which (5.4) holds 

 

Case-3: Suppose 

 

1, 1,2,....., , 1,......rs r s r r      

 

  

 

and a nonempty subset E of the index set exists such 

that 

 

0rs   

 

for anyone  ,r s E , for any  ,r s E  we than  

have 

 

0 1.rs   

 

Given that definition 2 defines G as a normal 

uncertainty distribution, G is a continuous function 

that strictly increases with respect to x at which 

0 ( ) 1G x  , and then 
x

G
s

 
 
 

 is additionally a 

strictly growing, continuous function with respect to 

x at which  0 1.
x

G
s

 
  

 
Then it follows from  

0 1rs  that there needs to be a unique  
*x

satisfying that 

 
*

.rs

x
G

s


 
 

 
 

If  u 1 ^ ,s prs
x t

s x x
G

r r s




      
       

     



H F  then 

we have 
* *

*, , 1 , .rs rsrs

s x x
G x t

r s r
  

    
       

    



H F

That is, 

    
*

1 1,rs rs

s x
G

r s
   

   
H  and 

   

 
*

1 *1 , .rs

x
x t

r
   F  

Thus, 

       1 1 1 1, 1 , .rs r rs rs sr s r sG r sG t          H F  

(5.13) 

 

If 

1 ^ .suprs
x t

x x s
G

r s r
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   
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 1 1 .rs

t
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  F  

   

Thus, 

       1 1 1 1, 1 , .rs rs rs rsr s sG r sG t        H F  

(5.14) 
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Thus, 

       1 1 1 1, 1 , .rs rs rs rsr s sG r sG t        H F  

(5.15) 

 

Therefore, one of the alternatives (5.13)-(5.15) holds. 

Let us turn our discussion to the uncertainty 

distribution of τ. On the other hand, by using (5.13)-

(5.15), we obtain 
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( , )
max rs
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


  

 

1
maxmax rs

r s r


 
  

 

However, it is clear from the definition of E that 

 

0rs   

 

for any ( , ) .cr s E  Then using equation (5.11), we 

have 

 

1

1 1 2 1( , )

, , 0
c

r s r s

i j i j
i j i jr s E

a s t   


   

 
    

 
      

(5.16) 

By using (5.13)-(5.16) and subadditivity axiom [6], we 

have 
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Consequently, the theorem is verified since (5.4) 

holds. 
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Remark-2: The uncertain queueing model with 

group arrivals becomes the uncertain single-service 

queueing model studied by Yao [27] when the 

unknown group sizes a1,a2..., are always constant 1. 

In this instance, we have  

   

and then we can derive that the uncertainty 

distribution of busy period is 
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which is reduced to the result of uncertain single – 

service queueing model derived by Yao[27]. 

 

VI. CONCLUSION 
 

The activity index and busy time were examined in 

this article as the most important quantitative 

indicators of the uncertainty queueing system. The 

analytical formula and uncertainty distribution of 

both quantitative indicators were also derived. This 

paper presented an uncertain queueing model with 

group arrivals, where customers arrive in groups, for 

the purpose of modeling the complex systems that 

provide services. Lastly, the results of the suggested 

uncertain queueing model with group arrivals are 

demonstrated by a few examples in this paper. 
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