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Abstract

The aim of this paper is to establish a unique Common Fixed Point of Multivalued Generalized ¢-Weak
Contractive Mappings in Integral Type Inequality. This result improves the result of Nadler and Daffer—Kaneko’s

and references there in.
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1 Introduction

Fixed point and coincidence results are presented
for multivalued generalized p-weak contractive map-
pings on complete metric spaces, where ¢: [0, +00) —
[0, +00) is a lower semicontinuous function with ¢(0) =
0 and ¢(t) > 0 for all ¢ > 0. Our results extend pre-
vious results by Zhang and Song (2009), as well as by
Rhoades (2001), Nadler (1969), and Daffer and Kaneko
(1995).

Theorem : Let (X, d) be a metric space. We denote
the family of all nonempty closed and bounded subsets
of X by CB(X).

A mapping T: X — X is said to be p-weak contractive
if there exists a map ¢: [0, +00) — [0, +00) with ¢(0) =
0 and ¢(t) > 0 for all ¢ > 0, such that

for all z,y € X.
Also two mappings T, S: X — X are called generalized
p-weak contractions if there exists a map ¢: [0, +00) —
[0,4+00) with ¢(0) =0 and ¢(t) > 0 for all ¢ > 0, such
that

d(Tz,Sy) < M(z,y) — o(M(z,y))  (2)

for all z,y € X, where
M(z,y) i= max {d(z,y), d(z, Tx), d(y, Ty),
Ld(z, Sy) +d(y, T2)] }.

A mapping T: X — CB(X) is said to be a weak
contraction if there exists 0 < o < 1 such that

(3)

H(Txz,Ty) < aN(z,y), (4)

for all z,y € X, where H denotes the Hausdorff metric
on CB(X) induced by d, that is,

H(A, B) = max { sup d(z, B),
r€EA

(5)
sup d(y, 4) |

yeB

for all A,B € CB(X), and where
N(z,y) i= max {d(z,y), d(z, Tx), d(y, Ty),

1 ©

Ld(z, Ty) + d(y, Tx)] }

A mapping T: X — CB(X) is said to be p-weak

contractive if there exists a map ¢: [0, 400) — [0, +00)
with ¢(0) = 0 and ¢(¢) > 0 for all ¢ > 0, such that

d(Tz, Ty) < d(z,y) — ¢(d(z,y)) (7)

for all z,y € X.

The concepts of weak and ¢-weak contractive map-
pings were defined by Daffer and Kaneko in 1995. Many
authors have studied fixed points for multivalued map-
pings. Among many others, see, for example, 1-4, and
the references therein.

In the following theorem, Nadler [3] extended the Ba-
nach Contraction Principle to multivalued mappings.

Theorem 1.1. Let (X,d) be a complete metric space.
Suppose T: X — CB(X) is a contraction mapping in
the sense that for some 0 < a < 1,

H(Tx,Ty) d(z,y)
/ @@ﬁéa/ otdt,  (8)
0 0

for all x,y € X. Then there exists a point x € X such
that x € Tx (i.e., x is a fixed point of T).

Daffer and Kaneko [1] proved the existence of a fixed
point for a multivalued weak contraction mapping of a
complete metric space X into CB(X).

Theorem 1.2. Let (X,d) be a complete metric space
and T: X — CB(X) be such that

H(Txz,Ty) N(z,y)
/ pdt<a e ()
0 0

for some 0 < o < 1 and for all x,y € X (i.e., weak
contraction). If x — d(x,Tx) is lower semicontinuous
(L.s.c.), then there exists xo € X such that xg € Txg.



Rhoades [5, Theorem 2] proved the following fixed
point theorem for -weak contractive single valued
mappings, giving another generalization of the Banach
Contraction Principle.

Theorem 1.3. Let (X,d) be a complete metric space
and T: X — CB(X) be a mapping such that

d(Tz,Ty) d(z,y)
/ pdes [
0 0

d(z,y)
¢<A w®ﬁ>,

for every x,y € X (i.e., weak contraction), where
©: [0, +00) = [0,400) is a continuous and nondecreas-
ing function with ©(0) = 0 and p(t) > 0 for all t > 0.
Then T has a unique fixed point.

(10)

By choosing 9(t) = t — ¢(t), p-weak contractions
become mappings of Boyd and Wong type [6], and by
defining k(t) = (t —¢(¢))/t for t > 0 and k(0) = 0, then
p-weak contractions become mappings of Reich type
[7].

Recently Zhang and Song [8] proved the following
theorem on the existence of a common fixed point for
two single valued generalized p-weak contraction map-

pings.

Theorem 1.4. Let (X,d) be a complete metric space
and T: X — CB(X) be a two mapping such that for
all x,y € X,

d(Tz,Sy) M(z,y)
[ emars [ e
0 0

M (x,y)
—w(A wwﬁ>,

(i.e.,  generalized @-weak contractions),  where
p: [0,4+00) — [0,400) is an l.s.c. function with
©(0) =0 and ¢(t) > 0 for allt > 0. Then there exists
a unique point x € X such that x = Tx = Sx.

(11)

In Section 4, we extend Theorem 1.3 by assuming ¢
to be only l.s.c., and extend Theorem 1.4 to multivalued
mappings.

2 Preliminaries

In this paper, (X, d) denotes a complete metric space
and H denotes the Hausdorff metric on CB(X).

Definition 2.1. Two mappingsT,S: X — CB(X) are
called generalized weak contractions if there exists 0 <
a < 1 such that

H(Tz,Sy) M(z,y)
/ p(t)dt < a/ o(t) dt, (12)
0 0

forallz,y e X.

Definition 2.2. Two mappings T,S: X — CB(X) are
called generalized p-weak contractive if there exists a
map ¢: [0,+00) = [0, 400) with (0) =0 and ¢(t) > 0
for allt > 0, such that

H(Tx,Sy) M(z,y)
/ p(t)dt < / p(t) dt
0 0

M (z,y)
—¢<A awﬁ)

(13)

forallxz,y € X.

In the proof of our main results, we will use the fol-
lowing well-known lemma, and refer to Nadler [3] or
Assad and Kirk [9] for its proof.

Lemma 2.3. If A, B € CB(X) and a € A, then for
each € > 0, there exists b € B such that

d(a,b) < aH(A,B) + ¢ (14)

3 Extension of Nadler and
Daffer—-Kaneko’s Theorems

The following theorem extends Nadler and Daffer—
Kaneko’s Theorems to a coincidence theorem, without
assuming x — d(z,T'x) to be ls.c.

Theorem 3.1. Let (X,d) be a complete metric space,
and letT,S: X — CB(X) be two multivalued mappings
such that for all x,y € X,

H(Tz,Sy) M(z,y)
/ p(t)dt < a/ () dt, (15)
0 0

where 0 < a < 1 (i.e., multivalued generalized weak
contractions). Then there exists a point x € X such
that x € Tz and x € Sz (i.e., T and S have a common
fized point). Moreover, if either T or S is single valued,
then this common fixed point is unique.

Proof. Obviously M (z,y) =0if and only if z =y is a
common fixed point of 7" and S.

Let € > 0 be such that 8 = o+ ¢ < 1. Let exists
xrg € X such that g € Txg. By Lemma 2.3, there
exists 1 € Tz such that

d(za,z1) H(Tx1,Sx0)
[ ez | 1) dt
0 0

M (z1,z0)
+e / (1) dt.
0

Again by using Lemma 2.3, there exists x3 € Sz such

that
d(zs,22) H(Sz2,Tx1)
/ p(t)dt < / o(t) dt
0 0

M(z2,21)
+ 6/ p(t)dt
0



By induction and using Lemma 2.3, we can find in this
way a sequence {z,} in X such that xop41 € Sxai and

d(zor41,Z2k) H(Swop,Txar_1)
/ p(t)dt < / p(t)dt
0 0
M (zag,z21—1)
+ E/ o(t) dt
0
and Togy2 € T$2k+1 and
d(z2k42,T2k+1) H(Szak41,Tz2k)
/ oyt < [ olt) dt
0 0

M (z2g41,%2k)
+ 5/ o(t) dt
0

(17)

(16)

It follows that

d(T2n+1,%2n)
/ o(t)dt
0
H(Tr2n—1,ST2n) M (z2n-1,%2n)
</ (1) dt+5/ oL

—Jo 0
M(x2n—1,Z2n)

< 3/ o(t)dt
0

/max{d(JEZn 1,Z2n), A(T2n—1,TT2n—1), d(T2n,ST2n), Ran }
0

where Rgn = %[d(iﬂgn_l,Sl'Qn) + d(l’gn,T.’ﬂgn_l)].
Hence,

d(z2n+1,T2n)
/ olt) dt
0

IIlaX{d(ﬂEgnfl 1y X2n ); d(x2n s T2n41 )7
<s |
0

d(12n71,12n+1)}
P

p(t)dt
max{d(z2n—1,T2n), d(T2n,Tant1)}
=p o(t) dt
0
d(x2n—1,T2n)
= 5/ o(t) dt
0
since  if  otherwise fod(w"’“"“) o(t)dt >

fod(aczn,mzn_l) @(t) dt, then fod(zzn,z2n+1) <p(t) dt <
ﬁfod(m"’m"“) (t)dt and so fod(m"’mz"“) p(t)dt = 0.
Hence 0 = [t oy dp > [H02201) o) gy
and this is a contradiction.

Similarly,

d(z2n+2,T2n+1) d(z2n+1,%2n)
/ o(t) dt < 3 / ot dt (18)
0 0

From (3.4) and (3.5), we conclude that

d(Ik+1,Ik) d(:vk,lbkfl)
/ oit<s | plt)dt  (19)
0 0

for all £ € N. Since 8 < 1 and (3.6) holds, {z,} is a
Cauchy sequence. Since (X, d) is complete, there exists
z € X such that lim,,_, z, = z.

d(x2n+2,5'z)
/ o) dt
0

H(Tz2n+1,5%) M(z2n41,T)
g/ o(t) dt+a/ p(t) dt
0 0

max{d(z2ni1,2), d(z2n+1,TT2nt1), d(z,52), Q2n}
= a/ p(t) dt
0
/max{d($2n+1 ,2), d(T2n+1,%2n+2), d(x,S), Pan}
=«

o(t) dt
(3.7)

0

where Q2, = %[d(xQn_A'_l, Sz)+d(x, Txont1)] and P, =
%[d(‘rQHJrlv S{,C) + d(xv x2n+2)]'
Letting n — oo in the above inequality, we conclude

that
d(x,Sz) H(z,Sz)
/ p(t)dt < a/ (t) dt.
0 0

So f(;i(z’sz) o(t)dt = 0. Since Sz € CB(X), we have
x € Sz. Similarly, x € Tx. Therefore, T and S have a
common fixed point.

Furthermore, if T is single valued, then this common
fixed point is unique. In fact, if x and y are two common

¢(t) dixed points for T and S, then

d(z,y)
/ (1) dt
0

H({z},Sy) H(Tz,Sy)
</ otyit= [ ot) dt
0 0

M(z,y)
/ (1) dt
0

/max{d(x,w, d(w,T), d(y,Sy), LS fdw.Te)}

IN
2

|
Q

o(t) dt

/max{d(z7y), 0,0, W}

(07

IN

p(t) dt

d(z,y)
= a/ o(t) dt
0

Since 0 < a < 1, fod(z’y) p(t)dt =0,andso z =y. O

(3.8)

Remark 3.2. The last part of the proof of theorem 3.1
shows that if S,T: X — CB(X) are multivalued, xq is
a common fized point, and Txg or Sxg is a singleton,
then the common fixed point of T and S is unique.

By taking T = S in Theorem 3.1, we get the following
corollary that extends the Daffer and Kaneko theorem
(Theorem 1.2).

Corollary 3.3. Let be a complete metric space and
T: X — CB(X) be such that

H(Tz,Ty) N(z,y)
/ o(t)dt < a/ p(t) dt (20)
0 0

for some 0 < o < 1 and for all x,y € X (i.e., weak
contraction). Then there exists xo € X such that xg €
Til,'o.



Example 3.4. Let X
clidean metric.

= [0,1] be endowed with the Fu-
Let S,T: X — CB(X) be defined by

Tz = [0,2/4] and Sy = {y/4}. Obviously,

H(Tz,Sy)
(t)dt

S~

—_z L
m 1 4

o(t)dt

y
/% max{|y—el, |y 4|} olt) d
J

IN

(3.10)

$ max{d(=z,y), d(y,5y)}
o(t) dt

Lar

2 (w)y)
< / o(t) dt
0

So T and S have a common fixed point (x = 0), and
since S is single valued, this fived point is unique.

4

Conclusion

We have extended Nadler and Daffer—-Kaneko’s theo-
rems into Common Fixed Point of Multivalued Gener-
alized p-Weak Contractive Mappings in Integral type
inequality.
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