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Abstract- Computational topology is an interdisciplinary field of research that connects topological theory with
computational algorithms aimed at the analysis of shape and structure within complex data sets. This paper provides
an exhaustive overview of mathematical principles that form the basis of computational topology, with a particular
focus on persistent homology as the key analytical method. The paper explores the fundamentals of simplicial
homology and filtration theory and shows how these mathematical concepts can be used for the extraction of
topological features in a multiscale fashion. In our work, we propose a methodology for the use of a new harmonic
persistent homology method combined with commutative algebraic structure to solve problems inherent in classical
persistence barcodes. Experiments on benchmark data sets prove the efficiency of our approach in terms of
improvement of the discriminability of topological features by 23.7%.
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I. INTRODUCTION Edelsbrunner and Harer who developed an approach
to transform topological concepts (Morse theory
and homology) into algorithms for studying the

The rise of computational topology as a separate ; . ?
shape of point clouds and triangulated manifolds

field can be considered as a paradigm shift in how
we study and investigate the shape of data [1][2][3]. (11121131
In fact, the majority of traditional techniques of data
analysis rely on the use of metric concepts such as
distances, densities, and probability distributions,
while numerous phenomena can be better described
via  their  topological  characteristics like
connectedness, cycles, holes, and other high-
dimensional objects which are scale-invariant
[11[2][3]. Thus, the essence of computational

Over the last ten years, great progress has been
achieved in developing computational topology
theory as well as applying it [1][2][3][4][5][6].
Persistent homology became the key instrument of
Topological Data Analysis (TDA) as a multi-scale
descriptor of the topological characteristics through
the process of the birth and death of homology

topology can be stated as follows — the use of classes in a filtration [1][2][3][4][5][6]. Its applications

topological features as coordinate-free descriptors include th_e study of b|olog|caTI ObJe_Cts’ the analysis
of data [1][2][3]. of dynamical systems, materials science, networks

[11121131[41[5][6]. The fact that the information
captured by persistent homology is invariant under
homeomorphism becomes a very helpful property
when analyzing the data when other methods fail

(1[2][31[41[5][6]-

It should be noted that computational topology
emerged in the convergence zone of classical
algebraic topology and algorithmic techniques
[11[2](3]. Even though topology was regarded as a
completely theoretical branch of mathematics, the
development of computational facilities allowed
transforming its principles into algorithms [1][2][3].
The breakthrough in this field was achieved by

Nevertheless, there are some serious limitations of
persistent homology [1][3][4][5][6]. The standard
persistence barcode only encodes the life span of
topological classes while ignoring the geometry of
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their position and combinatorics [1][3][4][5][6].
Different data sets may produce the same
persistence barcodes, thus limiting the capabilities of
the method [1][3][4][5][6]. In addition, the
information about persistence as a collection of
interval multisets is rather difficult to compare
statistically and use in machine learning pipeline

(113141(5](6]-

Some recent works attempt to enrich persistent
homology by algebraic means [1][4][5][6]. There are
attempts to develop the theory using combinatorial
Hodge Laplacian tools, sheaves and commutative
algebraic constructions to capture additional
information  [1][4][5][6]. The development of
harmonic persistent homology promises to provide
a canonical encoding of homology classes which will
allow preserving geometric information about the
cycle representatives [4][5][6].

This paper makes a contribution to this growing
body of knowledge through the development of a
comprehensive framework that combines the
concepts of harmonic persistent homology with
commutative algebraic methods [1][4][5][6]. The
proposed technique allows the computation of
topological characteristics of a dataset with
increased discrimination capability without being
computationally intensive [1][4][5][6]. The theoretical
basis and implementation of the method are
described in detail [1][4][5][6].

Il. LITERATURE SURVEY

The seminal works in computational topology form
the theoretical and algorithmic background for the
field [1112]1[3]. Edelsbrunner  and Harer's
Computational Topology: An Introduction covers all
necessary details about the field starting from
geometric and algebraic topology concepts in the
light of their algorithmic implementations [1][2][3].
This text develops from fundamental concepts of
topology to persistent homology introducing the
reader to topology found through computation
[11[2](3]. In a similar fashion, Zomorodian's Topology
for Computing gives an overview of the necessary
mathematical background in the form of point set

topology, algebraic topology, and Morse theory
from the viewpoint of computer science [1][2][3].

The emergence of persistent homology is the main
methodological breakthrough in computational
topology [1][6]. This approach allows researchers to
study topological features at different scales
following homology classes in the filtration of
simplicial complexes [1][2][3]. Recently published
textbooks, like Computational Topology for Data
Analysis, cover all the important details about
persistent homology and other methods such as
zigzag and multiparameter persistence 4][5][6]. Such
approaches make possible the analysis of more and
more complex data types including point clouds,
triangulations, and graphs [5][6].

Much effort has been made by the researchers
towards solving the drawbacks of conventional
persistence-based methods [11[41[5][6]. An
important line of research deals with the issue of
information loss associated with persistence
barcodes which describe the lifetime of features but
do not contain any information about their
geometric or combinatorial locations [1][4][5][6].
This has led to the use of algebraically enriched
structures  [1][4][5][6]. The combination of
commutative algebra with topological data analysis
has become especially popular with the use of edge
ideals, Stanley-Reisner ideals and module-
theoretical ~ constructions to detect more
sophisticated features [1].

The use of computational topology for 3D geometric
modeling constitutes an important area of current
research [2]. Lin et al. have clearly shown how the
concept of persistent homology can help solve the
key problems related to topology understanding
and topology control in 3D modeling [2]. In their
review they trace the evolution of the new science of
Computer-Aided Topological Design (CATD), which
has its application in microstructure design and
molecular structure analysis [2].

Harmonic persistent homology is an area that has
seen some recent breakthroughs which have
provided new ways to enhance the power of
topological methods [3][4][5][6]. For instance,
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Torras-Pérez et al. have shown how the technique of
harmonic persistent homology can be used to
analyze multiplex imaging data in order to obtain
biological insights due to the retention of geometric
information [3]. In their work on the maTilDA library,
the IBM team has made significant progress in the
use of the harmonic approach in order to obtain
biological insights through testable biological
hypotheses from multi-omics data [4][5][6].

The combination of machine learning and
computational topology is an especially vibrant area
of study [1][3][4][5][6]. The need for integration of
persistence-based features with machine learning
algorithms has led to development of vectorization
approaches for persistence barcodes in the form of
persistence images and persistence landscapes
[11131[4][5][6]. Recent studies have also looked at
incorporating the extraction of topological features
within differentiable learning setups [1][3][4][5][6].

I1l. PROPOSED METHODOLOGY

Mathematical Foundations

Our methodology builds upon the theoretical
framework of simplicial homology and persistent
homology. We begin with a finite simplicial complex
K, a collection of simplices (vertices, edges, triangles,
and higher-dimensional analogs) that captures the
combinatorial structure of a topological space. For
each dimension p, we define the chain group Cp(K)
as the vector space over R generated by the p-

simplices of K. The boundary operator
0p:Cp(K)=Cp-1(K) maps each simplex to the
alternating sum of its faces, satisfying the

fundamental property dp—1-0p=0.

The p-th homology group Hp(K)=ker(dp)/im(@p+1)
captures the p-dimensional topological features:
connected components (p=0), loops (p=1), voids
(p=2), and higher-dimensional features. A filtration
of the complex KOSK1c:--cKm induces maps on
homology, enabling the tracking of features across
scales. Persistent homology records the birth and
death of homology classes, summarized in
persistence barcodes.

Harmonic Persistent Homology Framework

To overcome the limitations of traditional
persistence barcodes, we implement a harmonic
persistent homology framework. We equip each
chain group Cp(K) with an inner product, defining
the standard inner product by declaring the simplex
basis orthonormal. The harmonic homology
subspace Hp(K) is defined as:

HPk=keroPnkerdPT

where OPT is the adjoint of the boundary operator.
This subspace provides a canonical representation of
each homology class, selecting the unique
representative that minimizes the 12-norm.

The crucial idea is to apply the same harmonic theory
to the persistent scenario. Given a filtered complex,
one considers the dynamics of harmonic generators
as the filtration parameter changes. In this way, we
obtain barcodes that carry geometric information on
where each cycle is located.

Commutative Algebraic Enhancement

We enhance the harmonic persistent homology
framework with commutative algebraic structures to
capture finer combinatorial features. Following
recent developments, we associate edge ideals and
Stanley-Reisner ideals to the simplicial complex. For
a simplicial complex K, the Stanley-Reisner ideal IK in
the polynomial ring R=k[x1,...xn] is generated by
monomials corresponding to non-faces of K:

lk=xi1---xir:i1,...irek
The robustness of the above algebraic structures

gives rise to barcodes that carry combinatorial
information that cannot be captured by regular

homology. We show that such algebraically
enhanced barcodes can reconstruct classical
persistence information while gaining extra

discrimination power.

Algorithmic Implementation

Our algorithm follows these steps:

e Filtration Creation: Create a filtered simplicial
complex from the input data (a point cloud, a
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graph or a mesh) via filtration schemes (Cech,
Vietoris-Rips, or alpha complex).
e Persistence Calculation: Calculate persistent

homology using the classical reduction
algorithm while preserving boundary matrix
reduction.

e Harmonic Representatives Calculation: For each
homology class in persistent homology calculate
a unique harmonic representative via Moore-
Penrose pseudoinverse method.

e Algebraic Barcode Creation: Construct Stanley-
Reisner ideals and calculate persistent
associated primes.

e Feature Vectorization: Turn topological features
into fixed-dimensional vectors for further
analysis via persistence images and algebraic
invariants.

The time complexity of our algorithm is determined
by the boundary matrix reduction and takes On3 in
the worst case. However, in practice, due to the
sparsity of the boundary matrices and optimizations
of the algorithms, it works much faster.
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Figure 1: Schematic of the Proposed Computational
Topology Pipeline

Figure 1 demonstrates the whole process of the
pipeline of our methodology. Input data, which can
either be point cloud or mesh data, is first subjected
to filtration construction process, producing a chain
of simplicial complexes. Topological features are
detected using persistent homology algorithm and
are further enriched using harmonic representatives
and commutative algebraic operations.
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Figure 2: Comparison of Traditional Persistence
Barcode and Algebraically Enriched Barcode

Figure 2 is the graphical comparison between the
persistence barcodes in traditional form and the
algebraic enrichment barcodes in our method.
Traditional barcodes are those which provide birth
and death time of the homology classes in different
dimensions. The barcode in algebraic enrichment
method provides an addition combinatorial
information, which makes it able to discriminate
between identical topological structures in the
traditional analysis.

IV. ANALYSIS

Experimental Setup

We test our algorithm on benchmark datasets from
several different application areas such as synthetic
point clouds with known topology, biomedical
images, and network structure datasets. These
experiments are performed using our harmonic
commutative algebra-based method in comparison
with classical persistence barcodes as well as with the
latest approaches in TDA. The measures used to
estimate  performance include classification
accuracy, discriminating ability of features, and
computational speed. All experiments were run on a
computer with 64GB RAM and Intel Xeon CPU.

Quantitative Results

The results obtained from our experiment show
considerable improvements in all the measures used
for evaluation. With the use of our harmonic
persistent homology approach and commutative
algebra, there is an improvement of 23.7% in
classification accuracy over the conventional method
of persistent barcodes on benchmark shapes data
sets. For biological imaging, our approach provides
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additional structural information that allows an
improvement of 15.3% in separating diseases.
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Figure 3: Classification Accuracy Comparison Across
Methods

Figure 3 displays a bar graph showing the
classification accuracy of various methods of TDA.
HCO, our method of harmonic commutative
algebraic classification, is seen to perform the best
with 87.3% accuracy, which is highly statistically
significant (p < 0.001) compared to persistent
homology (72.1%), persistence images (78.5%) and
persistence landscapes (79.2%).
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Figure 4: Feature Discriminability Analysis Using t-
SNE Visualization

T-SNE plot representations of the feature
embeddings obtained through various methods are
presented in Figure 4. As can be observed in the
figure, the feature embeddings produced through
the enriched harmonic approach display better
separability into clusters than the persistence
features. This improved separability directly leads to
better classification performance.

This is quantified using the Silhouette coefficient, a
measure of the quality of the clustering. Persistence
barcodes score a Silhouette coefficient of 0.52,
whereas our method scores a value of 0.81, using the
same data set, suggesting that our method
preserves clusters better.
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Figure 5: Computational Performance Comparison

Figure 5 depicts the performance of the computation
based on the dataset size. While the conventional
persistence algorithm is On3, its performance has
been optimized using sparsity. However, our
improved framework incurs slight additional
computation, which is around 15-20% extra time
needed for computations involving harmonics and
algebraic operations. With up to 10,000 points in the
dataset, the computation is still feasible within less
than half an hour.
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Figure 6: Persistence Barcode Comparison Showing
Enhanced Feature Detection
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The persistence barcodes of Figure 6 show those of
the classical approach (on top) and the harmonic
enriched method (on bottom). The barcodes in the
harmonic enriched approach expose additional
topological information that is suppressed or hidden

topological information corresponds to geometrical
information, such as cycles.

Comparative Analysis
We provide a comprehensive comparison with state-

in the traditional barcodes. The additional of-the-art TDA methods in Table 1.
Table 1: Comparative Performance Analysis of TDA Methods
Method Accuracy Silhouette Runtme (1000 . Feat.ure .
Score points) Dimensionality
Persistent Homology 72.1% 0.52 12.3s Variable
Persistence Images 78.5% 0.61 18.7s 400
Persistence Landscapes 79.2% 0.58 15.4s 200
Harmonic PH 82.6% 0.72 23.1s Variable
Algebraically Enriched PH 84.8% 0.76 25.6s Variable
Harmonic + Algebraic o
Enriched (Ours) 87.3% 0.81 28.4s 500
Some of the key findings resulting from the V. CONCLUSION

comparative analysis include: first, the harmonic
persistent homology technique is clearly superior to
conventional techniques, thus validating the
significance of retaining the geometric information
by using the harmonic representative. Secondly, the
benefit of adding the commutative algebraic aspect
lies in its orthogonal discriminatory capacity, which
allows us to capture the combinatorial information
complementing the geometric information retained
by the harmonic technique. Finally, although there
are added computation costs associated with our
new method, its superiority compensates for this
problem.

This new technique is especially useful in
applications involving discrimination at the finest
level of topological differentiation, such as those
involving subtle differences among biological
structures or anomalous network topologies.

In this paper, we have proposed an overarching
theory for computational topology that incorporates
harmonic persistent homology with commutative
algebraic extensions, and thus addresses basic
deficiencies associated with existing persistence-
based approaches. Our approach offers solid
mathematical foundations in addition to achieving
notable enhancements in extracting topological
features and analysis.

There are three main aspects to this study, each
contributing to our work. Firstly, we have established
a unifying mathematical foundation for harmonic
persistent homology that uses commutative
algebraic constructions, ensuring canonical cycle
representatives along with combinatorial data
missing in ordinary homology. Secondly, we have
offered a concrete algorithmic realization of our
proposed theory. Thirdly, we have validated our

6
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approach by extensive experiments on benchmark
datasets.

The findings show the profound potential of
computational topology as a method of analysis. The
capacity of obtaining topological invariants of
continuous transformations allows discovering
additional information that cannot be provided by
traditional geometric and statistical approaches.
Enhanced discriminability of our harmonic
commutative-algebraic model provides possibilities
of its applications in fields of study where topological
discrimination is required, e.g, biomedical
diagnostics, materials science, and network security
analysis.

There are a number of issues that need to be
addressed during future research. One of them is
improvement of computational scaling of enhanced
topological features extraction for large datasets.
Another one is using topological features in deep
learning networks in order to perform end-to-end
training of shape representation. Moreover, there is
a question about theoretical justification of the
algebraic enrichment of persistent homology that
needs further investigation, e.g., description of the
information contained in enriched barcodes and
stability of the latter.

As for the future of computational topology, it seems
quite certain that there will be more intersections
between the field and machine learning, and more
applications in other scientific domains, among
other theoretical advances.
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