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I. INTRODUCTION 

 
In recent years, Transformers and Large Language Models (LLMs) have emerged as the dominant 

architectures driving advances in artificial intelligence, particularly in natural language processing, 

machine translation, question answering, and generative systems. Unlike earlier sequence models based 

on recurrent or convolutional neural networks, transformers rely entirely on attention mechanisms, 

enabling highly parallel computation and effective modeling of long-range dependencies. The 

remarkable performance and scalability of models such as BERT, GPT, and their successors have 

motivated a growing interest in understanding the mathematical principles that underpin these 

architectures. 

 

At their core, transformer-based models are deeply grounded in mathematics. Linear algebra provides 

the framework for representing linguistic units as vectors and for performing high-dimensional 

transformations through matrix operations. Probability theory forms the basis of language modeling, 

allowing LLMs to estimate conditional and joint distributions over sequences of tokens. Optimization 

theory governs the learning process, where parameters are adjusted through gradient-based methods 

to minimize well-defined loss functions. In addition, concepts from information theory, such as entropy 

and perplexity, offer quantitative measures of uncertainty and model performance. 

 

Understanding these mathematical foundations is essential not only for researchers developing new 

architectures but also for students and educators seeking a principled explanation of how modern 

language models function. This chapter aims to present a clear and systematic introduction to the 

mathematical concepts underlying transformers and LLMs, bridging theory and practice. By grounding 
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architectural components in formal mathematical expressions, the discussion provides a solid 

theoretical basis for analyzing, interpreting, and extending large-scale language models. 

 

II.LINEAR ALGEBRA FOUNDATIONS 
 

Vector Spaces and Embeddings 

Words or tokens are mapped to vectors in 
dR  using embedding matrices: 

                                                                
VxdRE  

where V is vocabulary size and d is embedding dimension. 

Each token t is represented as: 

                                                                tEX t   

Matrix Operations 

Transformers rely heavily on: 

 Matrix multiplication 

 Transpose operations 

 Eigen values (conceptually, in representation learning 

These operations allow parallel processing of sequences. 

 

III. POSITIONAL ENCODING 

 
Need for Positional Encoding 

Transformers process all input tokens in parallel and therefore do not inherently preserve sequence 

order. From a mathematical perspective, the self-attention mechanism is permutation-invariant; without 

additional positional information, the model cannot distinguish between different arrangements of 

tokens. To address this limitation, positional encoding is introduced to explicitly incorporate sequence 

order into token representations. 

 

Let the sequence of token embeddings be 

                                                             nxxxX ,........, 21 , 
d

i Rx   

Positional information is injected by adding a positional vector ip to each embedding: 

                                                             .iii pxz   

This additive formulation preserves dimensional consistency while enriching embeddings with order-

related information. 

 

Sinusoidal Positional Encoding 

A deterministic and mathematically elegant approach is sinusoidal positional encoding. For position 

ppp and embedding dimension ddd, the encoding is defined as: 
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These trigonometric functions represent positions using multiple frequency components. A key 

mathematical property is that relative positional shifts can be expressed as linear transformations of 

these encodings, enabling the model to generalize to sequence lengths not encountered during 

training. 
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Learned Positional Embeddings 

In learned positional encoding, positional vectors are treated as trainable parameters: 

                                                                                
xdnRP  

Each row of PPP corresponds to a position-specific embedding optimized during training. While this 

approach offers flexibility, it lacks the explicit functional structure and extrapolation capability of 

sinusoidal encodings. 

 

Relative Positional Encoding 

Recent transformer variants employ relative positional encoding, where attention depends on the 

relative distance between tokens rather than absolute positions. The attention score is modified as: 

                                                           ,
).(
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jiii
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
  

where jir  represents a learnable relative position vector. This formulation improves modeling of long-

range dependencies and aligns attention with linguistic locality and hierarchical structure. 

 

Mathematical Significance 

From a mathematical standpoint, positional encoding: 

 Breaks permutation symmetry in self-attention mechanisms 

 Encodes discrete sequence order within continuous vector spaces 

 Enables generalization through functional and distance-based representations 

 Bridges sequential structure with parallel computation 

Thus, positional encoding is a crucial mathematical component that allows Transformers and Large 

Language Models to effectively model ordered sequences. 

 

IV. SELF-ATTENTION MECHANISM 
 

The self-attention mechanism is the central mathematical operation underlying transformer 

architectures and large language models. It enables each token in a sequence to dynamically attend to 

all other tokens, allowing the model to construct context-aware representations without relying on 

recurrence or convolution. From a mathematical standpoint, self-attention is a structured 

transformation based on similarity measures, probability normalization, and weighted aggregation in 

high-dimensional vector spaces. 

 

Mathematical Formulation of Input Representation 

Let an input sequence of length nnn be represented as: 

                                                  dxn

n RxxxX  ,........, 21 ,  

where, d  denotes the embedding dimension. 

 

Three learnable projection matrices are defined: 

                                                     kxdd

VKQ RWWW ,,  

 

Using these matrices, the query, key, and value representations are computed as: 

                                   QXWQ  ,       KXWK  ,        .VXWV   

 

Scaled Dot-Product Attention 

The similarity between tokens is measured using the dot product of query and key vectors. The 

unnormalized attention score is given by: 
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                                                        ji kqjiscore .),(   

 

To control the magnitude of gradients and ensure numerical stability, the scores are scaled by kd and 

normalized using the softmax function: 

                                               VsoftVKQAttention
K

T

d

KQ
max),,(    

This equation represents the core mathematical operation of the transformer architecture. 

 

Probabilistic Interpretation 

The softmax function converts similarity scores into a probability distribution: 
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Each output vector is then computed as: 

                                                                         
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Thus, self-attention can be interpreted as a probability-weighted expectation over value vectors. 

 

Linear Algebra Perspective 

From a linear algebra viewpoint: 

 
TKQ forms a similarity matrix capturing pairwise relationships 

 Softmax enforces stochastic normalization 

 Multiplication with V  produces a context-sensitive linear combination 

This makes self-attention a data-dependent linear transformation. 

 

Graph-Theoretic Interpretation 

Self-attention can also be modeled as a directed weighted graph: 

 Tokens are nodes 

 Attention weights represent directed edges 

 Information propagation occurs through weighted message passing 

This interpretation connects self-attention to graph neural networks and spectral graph theory. 

 

V. MULTI-HEAD ATTENTION 
 

Basic Idea 

Multi-head attention extends the self-attention mechanism by using multiple attention heads in 

parallel. Instead of computing a single attention function, the model computes several attention 

functions, each focusing on different aspects of the input sequence. This improves the model’s ability 

to capture diverse relationships such as syntax, semantics, and positional dependencies. 

 

Mathematical Representation 

Let the input sequence be: 

                                                     ,xdnRX   

 where n  is the number of tokens and d  is the embedding dimension. 

 

For each attention head hhh, separate projection matrices are defined: 
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                                        hxddh

V

h

K

h

Q RWWW )()()( ,,  

The query, key, and value matrices for head h are: 

                   ,)()( h

Q

h WXQ       ,)()( h

K

h WXK         .)()( h

V
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Attention Computation for One Head 

Each head computes scaled dot-product attention: 
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This allows each head to learn different attention patterns. 

 

Combining Multiple Heads 

The outputs of all heads are concatenated: 

                                ),........,( 21 Hheadheadheadconcat  

and projected back to the original dimension: 

                                   ,21 ),........,()( OH WheadheadheadconcatXMultiHead   

Where 
xdHd

O
hRW   

 

Probability theory forms the foundation of language modeling in transformers and large language 

models (LLMs). At its core, a language model assigns probabilities to sequences of words or tokens, 

enabling the prediction of the next token given the preceding context. This probabilistic framework 

allows models to handle uncertainty, ambiguity, and variability inherent in natural language. 

 

Language as a Probabilistic Process 

Let a sequence of tokens be denoted as: 

                                                                           nxxx ,........., 21  

 

A language model aims to estimate the joint probability distribution over the entire sequence: 

                                                                             nxxxP ,........., 21  

 

Using the chain rule of probability, this joint probability can be factorized as: 

                                         



n

t

tn xpxxxP
1

21 (,........., | ),........., 121 txxx .  

This formulation is fundamental to autoregressive large language models such as GPT.Conditional  

 

Probability and Next-Token Prediction 

In practice, LLMs focus on predicting the probability of the next token: 

                                                                             121 ,........., txxxP  

The model outputs a score (logit) vector ,VRz where V  is the vocabulary size.  

 

These scores are converted into probabilities using the softmax function: 

                                                                             
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The softmax function ensures: 

 All probabilities are non-negative 

 The probabilities sum to 1 

 

Training Objective: Maximum Likelihood Estimation 

Language models are trained using Maximum Likelihood Estimation (MLE). The objective is to 

maximize the likelihood of the training data: 

                                       


n

t

txP
1

(logmax | ),,........., 121 txxx . 

  

Equivalently, training minimizes the cross-entropy loss: 

                                                           



n

t

txPL
1

(log | ),,........., 121 txxx . 

This loss measures the difference between the true data distribution and the model’s predicted 

distribution. 

 

Information-Theoretic View 

From an information theory perspective: 

 Entropy measures uncertainty in predictions: 

                                      
i

ii ppPH log)(  

 Perplexity, commonly used to evaluate language models, is defined as: 

                                  
)(PHePerplexity  .  

 

Lower perplexity indicates better predictive performance. 

 

Role in Large Language Models 

In large language models: 

 Probability theory governs text generation 

 Sampling strategies (greedy, top-k, nucleus sampling) rely on probability distributions 

 Uncertainty estimation improves robustness and diversity 

Thus, probabilistic modeling is central to how LLMs generate fluent and coherent language. 

 

VII. OPTIMIZATION & LEARNING 
 

Optimization is the process by which transformers and large language models learn from data. The goal 

is to adjust model parameters so that prediction errors are minimized. 

 

Loss Function 

A loss function measures how wrong the model’s predictions are. 

For language models, cross-entropy loss is commonly used: 

                                                                     )(log tokencorrectPL  

Lower loss means better predictions. 

 

Gradient Descent 

Model parameters are updated using gradient descent: 

                                        Loldnew    
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where: 

  = model parameters 

  = learning rate 

The gradient shows the direction to reduce error. 

 

Stochastic Gradient Descent 

Instead of using all data, models learn from small batches: 

                                            batchL   

This makes training faster and more efficient. 

 

Adaptive Optimizers 

Transformers commonly use Adam optimizer, which automatically adjusts learning rates to improve 

training stability and speed. 

 

Backpropagation 

Backpropagation computes gradients using the chain rule and updates parameters layer by layer from 

output to input. 

 

 Importance in Large Language Models 

Optimization allows LLMs to: 

 Learn from large datasets 

 Reduce prediction errors 

 Improve language understanding 

 

VIII. INFORMATION THEORY (SIMPLE) 
 

Information theory helps us measure uncertainty and information in language models. In 

transformers and large language models (LLMs), it explains how well a model predicts the next word. 

Entropy 

 

Entropy measures uncertainty in predictions. 

If a model is unsure, entropy is high. 

If a model is confident, entropy is low. 

 

Mathematically: 

                                              )(log)()( xpxpPH  

 

Cross-Entropy 

Cross-entropy measures the difference between: 

 True data distribution 

 Model’s predicted distribution 

Lower cross-entropy means better predictions. 

 

Perplexity 

Perplexity is derived from entropy and is used to evaluate language models. 

                                                          
)(PHePerplexity   

 

Lower perplexity indicates: 

 Better language understanding 
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 More accurate predictions 

 

Role in Large Language Models 

In LLMs: 

 Entropy measures uncertainty 

 Cross-entropy is used as the training loss 

 Perplexity evaluates model performance 

 

Simple Interpretation 

 High entropy → model is confused 

 Low entropy → model is confident 

 Low perplexity → good language model 

 

IX.FEEDFORWARD NETWORKS & NONLINEARITY (SIMPLE) 
 

In transformer models, each layer contains a feedforward neural network (FFN). This network 

processes each token independently after the attention mechanism. 

 

Structure of Feedforward Network 

A feedforward network has two linear layers with a non-linear activation function in between. 

Mathematically: 

                                                 2211 )()( bWbxWxFFN   

where: 

 21 ,WW are weight matrices 

 21 ,bb are bias terms 

 σ(⋅) is a non-linear function 

 

Nonlinearity 

Common non-linear activation functions include: 

 
),0max(:Re xLU ⁡ 

 GELU (used in LLMs) 

 

Nonlinearity allows the model to: 

 Learn complex patterns 

 Go beyond simple linear relationships 

 

Role in Transformers 

Feedforward networks: 

 Increase model expressiveness 

 Refine token representations 

 Work separately on each token position 

 

Importance in Large Language Models 

Without nonlinearity: 

 The model would behave like a linear system 

 Complex language patterns could not be learned 

Graph Interpretation of Attention 

In this view: 
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 Tokens are treated as nodes 

 Attention weights are treated as edges 

 The strength of attention represents the edge weight 

Each token gathers information from other tokens through these weighted connections. 

 

Adjacency Matrix 

The attention matrix: 

                                                       















k

T

d

QK
softA max  

acts like an adjacency matrix of a graph, where each row sums to 1. 

 

Message Passing 

Self-attention performs message passing: 

                                                               AVZ   

Each token receives information from connected tokens based on attention weights. 

 

Spectral Perspective 

From a spectral viewpoint: 

 The attention matrix behaves like a normalized graph operator 

 It smooths and mixes information across nodes 

 This is similar to operations in graph neural networks 

 

Importance in Transformers 

This perspective explains: 

 How global information flows across tokens 

 Why transformers handle long-range dependencies 

 The connection between transformers and graph-based models 

 

Simple Interpretation 

 Tokens = points in a graph 

 Attention = connections between points 

 Self-attention = information sharing across the graph 

 

Scaling Laws (Mathematical Insight – Simple) 

Scaling laws explain how the performance of large language models improves as we increase model 

size, training data, or computation. They provide a mathematical relationship between model scale 

and error. 

 

Basic Idea 

As the size of a model or dataset increases, the training loss decreases in a predictable mathematical 

way. 

 

Mathematical Form 

Empirical studies show that loss follows a power-law relationship: 
 NLoss  

 

where: 

 N  = model size, data size, or compute 

  = scaling exponent (positive constant) 
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This means that increasing N reduces loss, but with diminishing returns. 

 

Interpretation 

 Small models learn basic patterns 

 Larger models learn complex language structure 

 Very large models show strong generalization 

However, improvement becomes slower as size grows. 

 

Importance in Large Language Models 

Scaling laws help to: 

 Decide optimal model size 

 Balance data and computation 

 Predict performance before training 

They guide the design of models like GPT and other LLMs. 

 

Simple Example 

Doubling model size does not halve the error, but it reduces error consistently according to the power 

law. 

 

X. CONCLUSION 

 
Transformers and large language models represent a major advancement in artificial intelligence, driven 

by strong mathematical foundations. Concepts from linear algebra enable efficient representation and 

transformation of language data, while probability theory provides a framework for modeling 

uncertainty and predicting sequences of tokens. The self-attention and multi-head attention 

mechanisms allow models to capture global dependencies, and feedforward networks with nonlinearity 

enhance expressive power. Optimization techniques guide learning through loss minimization, while 

information theory offers tools to evaluate model performance. Additionally, graph-based 

interpretations and scaling laws provide deeper insight into information flow and model growth. 

Understanding these mathematical principles is essential for students, researchers, and practitioners to 

analyze, interpret, and further develop transformer-based large language models. 
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