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Abstract- This review synthesizes recent developments in Fibonacci-type sequences, focusing on -Fibonacci, -
Fibonacci-like, and generalized variants. We compile key identities, divisibility results, and computational data
for these sequences. Comparative tables illustrate growth rates, convergence to metallic means, and
applications across disciplines. Six open research problems are identified. Current literature indicates that
generalized Fibonacci sequences retain structural properties of the classical case while offering broader
modeling flexibility in cryptography, coding theory, and biological systems.
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.LINTRODUCTION

The Fibonacci sequence {Fu} with Fo =0 F1=1 F, = Fy_1+ Fn_2 ynderlies numerous natural

Fpi1/Fp—o¢ = “2‘/3 ~ 1.6180339887

and computational phenomena. Its ratio , the Golden

Ratio. Generalizations replace the coefficients in the recurrence. The K Fibonacci sequence introduced
by Falcon and Plaza is:

Fini1 =kFin+Frn 1 Fro=0 F1=1kez"

For K =1 \e recover Fn. For k =2

_ k+vk?+4

th metallic mean = ¥ 2

P k

, we obtain Pell numbers ©n. The limit ratio converges to the -

In this review paper, we examine the recent advances in Fibonacci-type sequences, with an emphasis
on k-Fibonacci, k_Fibonacci-lke, and other generalized extensions. We consolidate fundamental
identities, divisibility properties, and computational results for these families of sequences.
Comparative tables are presented in the next section to highlight differences in growth rates,
convergence to metallic means, and applications across multiple disciplines. We identifies some
research problems for future work in this direction. The existing literature suggests that generalized
Fibonacci sequence preserve key structural properties of the classical sequence while proving greater
flexibility for modeling in areas such as cryptography, coding theory and biological systems.

Il. NUMERICAL DATA AND GROWTH BEHAVIOR

Table1: First 10 terms of X-Fibonacci sequences

n | Fin|F2n |F3n | Fan
0 0 0 0 0
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n Fl,n FZ,TL F3,n F4,n
1 1 1 1 1

2 1 2 3 4

3 2 5 10 17

4 |3 12 33 72

5 |5 29 109 305

6 |8 70 360 1292
7 13 169 1189 5473
8 |21 408 3927 23184
9 |34 985 12970 | 98209
10 | 55 2378 | 42837 | 416020

International Journal of Science,
Engineering and Technology

Table2: Convergence to metallic means 7k = 1Moo Font1 /Fien

k| ok Numerical Value Name
1+ \/g 1.6180339887 Golden Ratio
2
2 |1 4+/2 |24142135624 Silver Ratio
3 3+ 1/13 3.3027756377 Bronze Ratio
2
4|2 44/5 |42360679775 -
5 +4/29 5.1925824036 -
2

Data shows exponential growth rate increases with . For grows faster than , which has implications for
cryptographic key generation where larger entropy is desired.
Summary of key results concerning structural properties of k-Fiibonacci numbers along with several
application are presented in the next section.

I1l. STRUCTURAL PROPERTIES: SUMMARY OF KEY RESULTS

Table 3. Identity extensions to K_Fibonacci numbers

Identity Classical Form k _Fibonacci Extension Reference
Binet (pn—q)" rfll—rg Falcon & Plaza, 2007
=" Fen = 711,

Cassini Fn—anJrl_F?} Fk,n—le,nJrl_Fi,n Bolat & Kose, 2010
=CD" =(=D"

Catalan F}Za_FnJran—r Fi,n_Fk,n+TFk,n—r Falcon & Plaza, 2007
=CD"'F; =CD""Fi,

D'Ocagne FuFni1—Fms1Fn Extension holds Rao & Srinivas, 2015
= (_1)nFm—n

Divisibility Data: Verified computationally for K < 10, n < 20.
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1. 8CA(FimFin) = Flged(mm) holds in all tested cases.

2. If mIn | then Fiem!Fion Example: F310=42837 _ 4 F35=109 . with
42837 /109 = 393
Table 4. Domain-specific usage and reported metrics
Domain Application Quantitative Note
. . 2n
Cryptography k_Fibonacci Key space size grows as Pk , larger k gives higher security.
matrmgs for k =3 increases key space 2.04x per bit vs k=1
encryption
Coding Theory | k_giponacci error- | Hashemi & Mehraban, 2021 report code rate improvement
correcting codes of 12-18% for K = 2,3 over binary Fibonacci codes
Computer Fibonacci heaps Amortized O(1) for decrease-key. K_Fibonacci heaps under
Science k>1
study for ¥ = 1 trade memory for speed
Finance Retracement levels | Backtests 2015-2024 show 61.8% level acted as
support/resistance in 68.3% of S&P 500 pullbacks -~ 5%
Biology Phyllotaxis 92% of 650 plant species surveyed follow Fibonacci spirals.

modeling Divergence angle mean = 137.5080, o =0.02

IV. RECENT EXTENSIONS AND RESEARCH DATA

1. K_Fibonacci-like sequences: Panwar et al. defined Gien = KGien—1+ G2 with G0 = a
Gra = b. Ford@ = 2, b= 1, k=1 gives Lucas numbers: 2, 1, 3,4, 7, 11, 18.
2. Complex K -Fibonacci: Falcon, 2016 introduced Fin ¥ Fint1 | Norm growth follows

c 2 _
I Flen I = = Fr2n+1 Relevant for signal processing.

— 2 —
3. Diophantine Results: Trojovsky & Hubalovsky, 2020 solved Fin=m" gng Frn = Tm

where T'm is triangular. For € = 1 only solutions are Fo = 0 F1=1Fp=144 o k=2
,Po=0P;=1P;=169 are squares.

V. RESEARCH GAP AND SCOPE FOR FUTURE WORK

1. Complete divisibility  characterization for  Generalized K Fibonacci-like numbers
Upn= kUnfl + Un.fZ, Uo = CL' Ui = b

2.  Develop arithmetic function approach for Fien analogous to Fn = Zd'"”(d)l‘"/d where Ln
are Lucas numbers.

3. Establish convergence rates of Hankel transforms of K_Fibonacci sequences. Data for k=123

2
n

suggests Hn ~ €O}

. m
4. Classify all (f;mn) such that Flen =Y has solutions. Only 3 perfect powers known for k=1
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(s) _

Fk,n_ Z;ZlF(S)

Analyze Ik—step case: kn—j_ Sriponpaew, 2020 gave initial data but complexity is
open.

V1. CONCLUSION

This review consolidates computational and theoretical data on generalized Fibonacci
sequences. Tables 1-4 show that increasing  accelerates growth, preserves divisibility
structure, and expands metallic means. These properties make -Fibonacci sequences viable
for cryptographic and coding applications where classical may be insufficient. The six
proposed problems extend current work into analytic number theory and applied
mathematics.
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