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~ Abstract- In this paper, the author studied, the properties of an unbounded solutions of a class of fourth

order dynamic equation of the form

21\ A%
(r(t) (x® + pOx(a®))’ ) + 96 (x(B®)) - h®H (x(y®)) =0 ()

for t € [t(,00) where T is a time scale with@sSup T = +00,t3(= 0) € T are studied under the
assumption
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At = 0 and ((H,' f: At < oo for various ranges of p(t).
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I. INTRODUCTION

In [3] and [4], Parhi and Tripathy have discussed the oscillatory and asymptotic properties of solutions
of fourth order differential equation of the form

rOO® +p@y(t - a)") +q®)6(y(t —0)) =0, t € [0,00)

where r,q € C(]0,),(0,)), G € C(R,R) , p € C((0,o),R) and a,0 are positive real constants; are
studied under the assumption

© t _ OOL
0 rgdt = or N gdt <o
In [5] and [6], Panigrahi, Graef and Ramireddy have discussed the oscillatory and asymptotic
properties of solutions of fourth order dynamic equation of the form

OO +p©y(@@®))* ) + a6 (x(8©®)) - hOH (x(r (1)) = 0
and
r@OG® +p©Oy(@®))*)* + a6 (x(B®)) — OH (x(r(©))) = f(¢), t € [to, )7, where T is a

timescale,
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7.4 € Crq([to, ), (0,0)), p, h, f € Cra([to,®),R), G,H € C(R,R) and a,B,y € Cra(T,T)
are increasing functions such that
a(t) <t p@) <t y(t) <twith gim a(t) = }im B(t) = }im y(t) = oo; are studied under the assumption
©_t = ®a(®
f T(—t)At—oo or fto T(t)At<00.
When we are concerned with oscillation of all solutions of the following equation
PO @) + r@®u(@®))*)* + g6 (u(B®)) =0

in [7] and [8] by Tripathy under two sorts of assumptions

© t o t

to MAI:—OO or to EAt<00.

Similarly, in an another work [9 ] of Grace and Zafer, we can find all solutions of oscillatory problem
for the dynamic equations

3
P(®) (@) +r@®ul@®)* )" + gOu2(B1) = 0
under the following restrictions:
(i) uy and u, are the quotient of odd positive integers such that p, < g,
@ <1
1

and (iii) f, p 1 (At=00, to > 0,
A time scale is an arbitrary nonempty closed subset of real number. We denote a timescale by T, the
forward jump operator ¢ is defined as o(t) = inf{s € T:s > t}, the delta derivative of f is denoted by
f%, the useful double integration formulas are

fu f F(0)AO As = fu (u — o) f ()AL

and

I, 1L F @80 As = [{(a(0) = v)f (D)AL.

For more basics in time scale refer the books [1, 2]. In this work, we assume the following assumptions
onG,aand B.

(H) G(xy) = G(x)G(y) forx,y ER and x,y > 0;

(Hy) G(—x) = —G(x) fore R;

(H3) there exists A > 0 such that G(x) + G(y) = AG(x + y) forx,y € R and x,y > 0;

(Hy) a(B(t)) = B(a(t)) forall t € [to, ®);.

Remark 1. The prototype of G satisfying (H,), (H,) and (H3) could be of the form
Gw) = (a* + b |ul")|ulsgn u And Gu) = |u|"sgnu
wherea* > 1,b* =1,y =20andn > 0.

Lett_; = inf {a(t),B(t),y(t)}. By a solution of (H), we mean a function x € C,4([t_1,90), R) such
t€[tg,00)T

that x(t) + p(t)x(a(t)) € Crq°([tg, )7, R), T(O)(x(t) + p(t)x(a(t)))AZ € Crq’([to, ), R) and satisfies
(H) identically on [ty, ).

. A solution of (H) is said to be oscillatory if there exists a sequence {s,} in [t;,o)r such that
(sn)x(cr(sn)) < 0; Otherwise, it is called non oscillatory.

Il. SOME PREPARATORY RESULTS

In this section, we present some preparatory results which are useful for our discussion. Throughout
our text, we use the quasi-derivative operators on D as follows.

Dou = u, Dyu = Dyu®, D,u = rD,;*u, D;u = D,*u, and D,u = D;*u.
Lemma 2.1. Let (H,) hold and u be a real valued function on [t,,00) such that D,u(t) < 0 for large t.
If u(t) > 0 ultimately, then one of the Cases (a) and (b) holds for large t and if u(t) < 0 ultimately,
then one of the Cases (b), (¢), (d) and (e) holds for large t, where
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(@) Dyu(t) >0, D,u(t) > 0 and Dyu(t) > 0,
(b) Dyu(t) > 0, Dyu(t) <0 and Dyu(t) >0,
(¢) Dyu(t) <0, Du(t) <0 and Dyu(t) > 0,
(d) Dyu(t) < 0, Dyu(t) < 0 and Dyu(t) <0,
(e) Dyu(t) <0, Dyu(t) > 0 and Dyu(t) > 0,

Lemma 2.2. Let (H,") hold and u be a real valued function on [t,,00) such that D,u(t) < 0 for large t.
If u(t) > 0 ultimately, then one of the Cases (a) - (d) holds for large t and if u(t) < 0 ultimately, then
one of the Cases (b) — (f) holds for large t, where

(@) Dyu(t) >0, D,u(t) > 0 and Dyu(t) > 0,

(b) Dyu(t) > 0, Dyu(t) <0 and Dyu(t) >0,

(¢) Dyu(t) > 0, Du(t) < 0 and Dsu(t) <0,

(d) Dyu(t) <0, Dyu(t) > 0 and Dsu(t) > 0,

(e) Dyu(t) <0, Dyu(t) < 0and Dyu(t) > 0,

(f) Dyu(t) <0, Du(t) <0 and Dyu(t) < 0.

1. UNBOUNDED OSCILLATION RESULTS

In this section, unbounded oscillation criteria for (H) are established under the assumptions (H,) and
(Hy"). Before stating our main results, we assume the following hypothesis for our use in the sequel :

Blu, v] =quAt u>t>v;

v r(®)
Clu,v] = ff%m uSt>v;
and D[u,v] = fu(g(t)r(#m u>t>v;

Theorem 3.1. Let 0 <p(t) <p <o and B(t) < a(a(t)), y~1(t) < B(t). Suppose that, (H,) and
(H,) — (H,) hold. If
(Hs) fTw@wa(t)h(t)AtAs < oo;

(Ha)@>M1>0foru¢o-

1+G(a)

(Hy) limsup |, ) 016 [B(B(D), B(s))]At > LE@,

(Hy) limsup [* @) 0 0)6[c(B(1), B(s))]At > 1*"’(“),

(Hy) timsup [V QG[D(r (0,7~ ()]t > ”G(“)-

() s 2, QG0 (305) 8O > 22

hold, where Q(t) = min{g(t), g(a(t))} fort = t—1, then every unbounded solution of (H) oscillates.

Proof: Assume the contrary that, x(t) be an unbounded non-oscillatory solution of (H) such that
x(t) > 0 for t > t,. Then there exists t; € [to,%0)y such that x(t), x(a(t)), x(B()) and x(y(¢)) are all
positive for t > t;. Setting

y(®) = x(t) + p()x(a(t)) (3.1)

k() = 7S5 [2(0(0) — Hh@OH (x(r ()26 32)
z(t) = y(©) — k(t) = x(t) + p(O)x(a(t)) — k(©) (3.3)
D,2(t) = ~g(DG(x(B(1)) < 0 (34)

forall t = t;. Then there exists t, € [t;,©); such that D;z(t),i = 0,1,2,3 are eventually of one sign on
[t;, 0)7. Assume that, z(t) > 0. In what follows, we consider the Cases (a) — (d) of Lemma 2.2. Let
Case (a) holds. Foru >s > v > t,,
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D,z(u) — D,z(v) = f D;z(s)As = (u — v)D3z(w),

implies
D,z(w) = (u —v)D3z(u)
or
r(w)D,"z(w) = (u — v)D3z(u)
Or
D%z(u) > (i(u)v) D;z(u)

Foru > 6 > v > t,, we have

D,;z(u) — D;z(v) = I%D3Z(9)AS,

Implies

[(6-v)

D;z(w) = Dyz(u) ) A9,
Foru >t > v >t, we have ’
z(u) —z(w) = J. D3z(t)f (gr(_g;) AQ At,
Or ’ ’
2(w) = Dsz(w) f f (er(_e; ) 76 As
Or oY
z(uw) = Dyz(uw) f i Ggi)t))(t —v) As

Or ’

z(u) = Dyz(u)Blu, v] (3.5)

From (3.4) and for B~1(a(s)) >t > s > t, , we have

0= D,2(®) + g6 (x(B®)) + 6®) | Daz(@(®) + 9(a(®)6 (x (8(«®)) ]

> D,2(t) + GPIDsz(a(®)) + Q@) [G (x(B®)) + 61)G (x(Ba())))

> D,z(t) + G()Dsz(a(®)) + QO[G (x(B®)) ) + GG (x(a(BE)))]

> Dyz() + 6D, 2(a(®) + QO[G (x(B®) ) + GPENG(x(@(BD))]

> D,2(8) + G()Dyz(a(t)) + QA6 (x(B(®) + p(Bx(a(B(®)))]

> D,z(t) + G()Dyz(a(®)) + 2QOG(Y(B()))

> Dyz(t) + G()Daz(a(t)) + 2Q()G (2(B(1)))

> D,z(t) + G()Dyz(a()) + 2Q()G[Daz(B(®)|G(BIB(®), B(S)D) (3.6)

Integrating the above inequality, from s to f~1(a(s)), we obtain
B~ a(s)

A f Q)G (Dsz(B(O)BIB(L), (YDAt < Dsz(s) + G(p)Dsz(a(s))
implies '
B~ a(s)
AG (Dsz(a(s)) f QGIBIA(E), B(s)DIAL < Dsz(a(s)) + GIDsz(a(s)) < (1+ G®)Dsz(a(s))

N

Or
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fsﬁ_l(“(s))Q(t)G(B[ﬂ(t), B(s)]At S(1+G(p))03z(az(s)) < (1+G(p)),

AG[Dg,Z(d(S))] AM4
where B(s) < a(s).
Case (b).Foru>s>v >t,,

D,z(uw) — Dyz(v) = fD3z(s)As > (u—v)D;z(w),

v

implies
—D,z(v) = (u —v)D3z(u)
Or
—r(v)D;*z(v) = (u — v)D3z(w)
Or
D A ( - )
—D;"z(v) 2 ——— r(v) ——— D3z (u)

Foru > 6 > v > t,, we have

—D,z(u) + D;z(v) = f G D3z(u)As,

implies

Dyz(v) = Dsz(w) j G (_9;9 ) pe,
Foru >t > v > t,, we have

z(u) — z(v) = j Dyz(u) f (- = 9) ) pg at,

or u u

z(w) = D3z(w) f f (li(_gf ) 76 At
or u

2(w) > Dyz(w) j (@) _rz’t))(” miyy
Or
z(w) = D3z(w)C[u, v] (3.7)

As in Case (a), we have
0 > Dyz(t) + G(p)Daz(a(®)) + 2Q()G(D3z(B(G (CB(L), B()])
Integrating the above inequality, from s to 7! (a(s)), we obtain
B~ a(s)
| ©60.26©N6CBO.FODA <Dia(s) + 6EIPa()
Implies )
B~ a(s)

AG (Dsz(a(s)) f QOG(CIB®), BSINAL < (1 + G(P)Dsz(a(s)) < (1 + G(P)Dsz(als))

Or
B~ (als)

f QOGCIBD, B(s)ar < LT EPIP:2(a) (1 +6@)

G(Dsz(a(s)) = AM,

N
Case (c). Foru > s> v > t,,
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D,z(u) — D,z(v) = f D;z(s)As < (u — v)D3z(v)

v

implies
Dyz(uw) < (u —v)D3z(v)
or
r(w)D;"z(w) < (u — v)D3z(v)
or

(u—-v)
r(u)

—D,%z(u) = — D;z(v)

Foru > 6 > v > t,, we have

—D;z(u) + D;z(v) = f (97"(_9;) (—D5z(v))As,
implies ’ .
0 —
D,z(v) = (—D3z(v)) (r(é);) AG,

v
Foru > s > v > t,, we have

2(u) — 2(v) = fu (=D3z(s)) fu (er(_g;’ ) 76 As,
or u u
2(w) = (=Dsz(v)) j j (er(_e;; e
or u
2(u) 2 (~Dyz(v)) f (@) _r:t))(t_v) At
or
2(u) > (~Ds2(v))D[u, v] (3.8)

As in Case (a), we have
0> D,z(t) + G(P)Daz(@(®)) + Q)G (2(B(1)) )
> D,z(t) + G(p)Dyz(a () + 2Q(1)G (2(y (1))

> Dy2(t) + G(p)Daz(a(t)) + QG ((—Dsz(y ™ (s)) )Gy~ (), y (D)
Integrating the above inequality from s to y ~(s), we obtain
IO

f 2Q()G(=Dsz(y 1 (NGD[y (), ¥ H($IDAL < —D3z(y ~*(s)) — G(p)Dsz(y ~'(s))

N

implies
y~(s)
A6 (=D, z(y1())) f QOGO ™),y (DAL < (1 + 6(»))(—Dsz(y™(s)))
< (1+ 6 (=Dyz(y™1(s)))
Or

Y Hs)

f QOGO ),y (s)DAL <

(14 6@ (=Dsz(y*(s))) LA+G60)
G(=Dsz(y=1(s)) - AM,
Case (d). Foru>s>v > t,,
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u

D,z(u) — Dz(v) = fD3z(s)AS > (u—v)D;z(u)

v

implies
D,z(w) = (u —v)D3z(u)
or
r(w)D,"z(w) = (u — v)D3z(u)
Or
A (u—-v)
D;%z(u) = ) Dyz(u)

Foru > 6 > v > t,, we have

u 9 _
D,z(w) — Dyz(v) = f (T ( 9; ) (D,2(8))6,
Implies ’
[(6-v)
—D,z(v) = Dyz(u) 0 AB,
Foru >t > v >t, we have ’
9 —
z(v) > f(D3z(u))f (r(e;]) A6 As,
Or ’ t
z(v) = D3z(w) j j (i(;;) A8 As
Or v
2(v) = Dz (1) f (@® _r:t))(t ~ ) ar
Or ’
z(v) = D3z(u)D[u, v] (3.9)

As in Case (a), we have
0= D,z(t) + G(p)Dyz(a(t)) + 2Q ()G (D3z(B(s)))G (DB (), BOD)

Integrating the above inequality from B(s) to s, we obtain
N

G(D3z(B(s)) j QOG(DIB(s), BODAL < D3z(B(s)) + G (p) Dsz(a(B(5)))

B(s)
implies
A6(D32(B(5)) [;,, QOGDIB(), BONAL < (1 + G (D32(B(s)))
Or

N

(1+G)Ds;z(B(s))) _(1+G()
B (fS)Q(t)G(D[ﬁ(s),ﬁ(t)])Ats e L

If z(t) < 0 fort = t,, then z(t) = y(t) — k(t) < 0. From this,

x() <y(@) = x(@) + pOx(a(t)) < k(t). Since k(t) > 0 and k*(t) <0, so k(t) is bounded, it follows
that, x(t) is bounded. Which is a contradiction to that, x(¢) is unbounded. This completes the proof of
the theorem.

Theorem 3.2. Let —1 < p(t) < 0 for t € [ty, ) and B(t) < a(t)), y~1(t) < B(t) . Assume that, (H,"),
(H;), (H,), (Hg) and (Hg) hold. Furthermore, assume that

(Hyy) limsup [ goa[B(B @), B())]at > =

Page. 7
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(Hia) timsup [ g6 [c(8@), ps))]at > 7
Umﬂ@gmf*ﬁamw@*@m*@nm>i;
(Hra) limsup f5, g(OG[D(B(s), B(O)]ae > -

and (Hs) @™ (t) = a(a™ (1)), lim a™(¢) = oo

hold. Then every unbounded solution of (H) oscillates.

Proof: Suppose on the contrary that, x(t) be an unbounded nonoscillatory solution of (H) such that
x(t) >0, x(a(t)) >0, x(B(t)) > 0,x(y(t)) >0 for all t >¢, > ¢t,. The case x(t) <0 can similarly be
dealt with due to (H,). Proceeding as in Theorem 3.1, we get (3.4). Then there exists a t, > t; such
that D;x(t) for i = 0,1,2,3 are eventually of one sign on [t,, ). Assume that, z(t) > 0 for t > t,. Then
z(t) < x(t) for t = t, and hence (3.4 ) can be written as

Dyz(t) + g()G(z(B(1)) <0, t =¢t,.

Ultimately, any one of four Cases (a) — (d) of Lemma 2.2 holds for t =t,. We can apply the
arguments of the cases of Theorem 3.1, to get contradictions to (H;;) — (Hy,). Therefore, z(t) < 0 for
t>t, andalso y(t) <k(t) fort=t, implies that y(t) is bounded and hence x(t) is bounded for
t >t,. Since z(t) is monotonic, then gLrg z(t) exists. On the otherhand, x(t) is unbounded and

therefore, it suggests that either x(t) > x(a(t)) or x(t) < x(a(t)) for t = t,. If the former holds, then
z(t) = x(t) + p(®O)x(a®)) — k() > (1 +p@®))x(a()) — k(t) - = as t - o gives a contradiction. If the
later holds, then

x(t) < x(a@®)) < x(a?()) < - < x(a™(t)) < -,

leads to the fact that x(t) is bounded , which is absurd. Hence, the theorem is proved.

Theorem 3.3. Let —o0 < p(t) < —1 for t € [t, ). Assume that all conditions of Theorem 3.2 hold. If
(Hie) [y 9Wdu = o
Then every unbounded solution of (H) oscillates.

Proof: On the contrary, we proceed as in the proof of Theorem 3.2, and the case z(t) > 0 is similar.
When z(t) < 0 for t = t,, we have that, y(t) < k(t) for t = t,, so y(t) is bounded and follows that,
z(t) is bounded. Because, z(t) is monotonic, tli_}rgng(t) exists. Here, we consider Cases (b) — (f) of
Lemma 2.2. For the Cases (b), (d), (e); since x(t) is unbounded, then either x(t) > x(a(t)) or x(t) <
x(a(t)) for t = t,. Suppose that, x(t) < x(a(t)) fort = ¢t,. Then

z(t) = x(t) + p®)x(a () — k@) < (1 +p@®)x(a®)) — k(t) » —o as t > o,

which gives a contradiction to the existence of the limit. Hence,

x(t) > x(a®)) > x(a?(t)) > - > x(a™(t)) > -,
that is, liminfx(¢) > 0. Then there exists a t; >t, and 7 >0 such that x(B(£)) >n for t >t

Integrating (3.4 ) from t; to oo, we get a contradiction to (H;¢). In Cases (¢) and (f), it is immediate to
see that }im D,z(t) = —o and }im z(t) = —oo, so these cases are not possible. Hence, the proof of the

theorem is complete.

Theorem 3.4. Assume that 0 < p(t) < p < oo for t € [ty 0)r. If (Hy) and (H;) — (Hg) hold, then every
unbounded solution of (H) oscillates.

Proof: The proof of the theorem follows from Lemma 2.1 and Theorem 3.1. Hence, the details are
omitted.
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Theorem 3.5. Let —1 < p(t) < 0 for t € [ty ). If (Hy), (Hy), (Hy), (Hs), (He), (Hy1) and (H;,) hold,
then every unbounded solution of (H ) oscillates.

Proof. The proof of the theorem follows from Lemma 2.1 and Theorem 3.2 and hence the details are
omitted.

Theorem 3.6. Let —oo < p(t) < —1 fort € [ty 00). If all the conditions of Theorem 5 hold and (Hy)
hold, then every unbounded solution of (H ) oscillates.

Proof: The proof of the theorem follows from Theorem 5 and Theorem 3 and hence the details are
omitted.

Remark 3.7. It would be interesting to apply the results of this work to the following nonlinear
dynamic equations
r@O@® +p®x(a®)*) + T, (- D g (06 (x(6:0)) = £(©),
for the cases
,f@) =0forallt € [ty, o) or f(t) # 0 fort € [ty, )7

Example 1. Consider, T =R,

(e " (x(®) + (—2—156")x(t —-m))")" + ez (%e‘t - e‘3t) x (t - 37”) - eg(e‘“ + e‘”coszt)e_t% =

0,t€ [37”,00). (3.10)

Equations (3.10), satisfies all the conditions of Theorem 5. Hence, every unbounded solution of (3.10)
is oscillatory. In particular, x(t) = e®sint is an unbounded oscillatory solution of (3.10).

Example 2. Consider, T = Z,
A? (e"Az(x(n) + (=Dx(n — 2))) +{e(e+1)2(e2 + 12" +4e(e  + 12" ———Jx(n—1) —

(n+1)e4n
5, ette?m x(n-2)
e ((n+1)e4n 1+x2(n-2) =0,n=3. (31 1)

Equations (3.11), satisfies all the conditions of Theorem 2. Hence, every unbounded solution of (3.11)
is oscillatory. In particular, x(n) = e™ sinn is an unbounded oscillatory solution of (3.11).
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